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Abstract 

We review uniqueness theorems as well as other general results about higher dimen- 
sional black hole spacetimes. This includes in particular theorems about the topology 
of higher dimensional spacetimes, theorems about their symmetries (rigidity theorem), 
and the classification of supersymmetric black holes. We outline the basic ideas un- 
derlying the proofs of these statements, and we also indicate ways to generalize some 
of these results to more general contexts, such as more complicated theories. 

1 Introduction 

The prediction of the existence of black holes by general relativity is one of the most in- 
triguing ones in all of theoretical physics, and there is now compelling evidence that such 
objects might indeed exist in Nature. Apart from thus describing, in all likelihood, real 
astrophysical objects, black holes are also viewed as a theoretical laboratory for ideas about 
the, not yet completely understood, laws of quantum gravity. These connections arise in 
particular through the analogy between the "laws of black hole mechanics" , and the laws 
of thermodynamics [6]. They strongly suggest that black holes should have some sort of 
(quantum) statistical mechanical description analogous to, say, the (quantum) statistical 
mechanical description of a gas comprised of atoms, see e.g. [131] for a review. 
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Both in the astrophysical context, as well as in the context of quantum gravity, the strik- 
ing uniqueness, also referred to as no hair property, of stationary black hole solutions plays 
an important role: All (regular) stationary, asymptotically flat solutions of the Einstein- 
Maxwell equations in D = 4 dimensions are uniquely determined by their mass, angular 
momentum, and electric charge, and are in fact given by the Kerr-Newman family of solu- 
tions. In the astrophysical context, this result is important because one expects that real 
physical black hole systems, while not being stationary as long as they form, will eventually 
settle down and thus eventually become stationary. Assuming this to be true, one can then 
restrict attention to the explicitly known Kerr-Newman family of solutions. Moreover, one 
can study small non-stationary perturbations of such a system within the well-understood 
framework of linear perturbation theory, or by Post-Newtonian methods, possibly corrected 
by radiation-reaction effects, thus eliminating, in a large dynamical range, the need to solve 
numerically the full set of non-linear Einstein-Maxwell equations. In the quantum gravity 
context, one also relies in many approaches on the fact that the stationary black hole solu- 
tions are functions of only a few conserved charges. While many classical properties of black 
holes are probably lost in a full quantum regime, one still expects that such charges can be 
defined as quantum charge operators, that an ensemble of physical quantum states in the 
Hilbert space, characterized by a definite values of these parameters, can be identified, and 
that quantities such as entropy can be assigned to such an ensemble. 

It is clearly of interest to ask whether a version of the black hole uniqueness theorem still 
holds under more general assumptions, for example (a) in the presence of other Einstein- 
matter fields systems such as Einstein- Yang-Mills, Einstein-scalar fields, Einstein-Euler, 
Einstein- Vlasov, Einstein-Skyrmions, etc. and (b) in more than four spacetime dimensions. 

a) Inclusion of matter fields: As a rule of thumb, if the matter sector without coupling 
to gravity already contains soliton-like static or stationary solution, then one has to expect 
that the corresponding theory coupled to Einstein-gravity has hairy black holes. This is, in 
some sense, not really surprising, so it is generally more interesting to study the uniqueness 
of systems in which the matter sector does not have soliton solutions in and of itself. An 
interesting example of this type is Einstein- Yang-Mills theory. That theory does not have 
any soliton like solutions without coupling to gravity, and neither has the vacuum Einstein 
theory. Nevertheless, for suitable gauge groups (112(G) 7^ 0), hairy black holes were found, 
to the surprise of many researches, in the coupled theory. While the solutions that were 
originally found turned out to be unstable, there do exist stable hairy black holes in other 
Einstein-matter theories, and furthermore, there are even hairy black holes which do not 
have any kind of symmetry other than time-translations. Thus, for several Einstein-matter 
systems, the uniqueness theorems definitely fail to hold. For a detailed discussion of black 
hole uniqueness in D = 4, including many references, see the review [66, 21]. 

b) Higher dimensions: The possibility that there could exist more than the four macro- 
scopically large, observed, dimensions has been pursued almost from the beginning of gen- 
eral relativity theory. One of the main attractive features of this idea, common to most 
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approaches, is that matter fields naturally "arise from geometry". In string theory, extra 
dimensions appear naturally from constraints imposed by the quantum nature of strings 
propagating in a higher dimensional target space (usually D = 26, or D = 10). Particular 
values for the number of dimensions also arise in supergravity theories due to the constraining 
nature of the supersymmetry algebra. In practice, string theories are often analyzed within 
the supergravity approximation (especially in the context of the AdS-CFT correspondence 
and its variants) , hence by some sort of classical gravity theory in higher dimensional space- 
time. 

From a physical viewpoint one has to explain why, if extra dimensions indeed exist, we 
do not directly observe them. In the standard Kaluza-Klein approach, the extra dimensions 
are assumed to be extremely small (e.g. tori, or other compact manifolds with special 
properties, having small volume). Then, any fields with non-trivial dependence in the extra 
dimensions effectively have a very large mass (small deBroglie wavelength), and thus would 
decay into lighter fields in a quantum field theoretic description. There are, however, also 
other theoretical scenarios in which the extra dimensions are not small, but macroscopically 
large. In this type of model, it is assumed that the four dimensions which we observe 
effectively constitute some timelike submanifold ("brane") in a higher dimensional spacetime, 
to which the relevant matter fields (standard model) are confined in some way. In the classical 
context, one means by this usually that the contribution to the stress tensor by observable 
matter fields is localized on, or very near to, the brane. Apart from studying black hole 
solutions with boundary conditions at infinity corresponding to the Kaluza-Klein respectively 
brane setup, one can also study higher dimensional black holes with standard asymptotically 
flat boundary conditions, i.e. which are asymptotic to D-dimensional Minkowski space (or 
e.g. D-dimensional (Anti-)deSitter spacetime, where appropriate). The latter are motivated 
particularly in the context of holography, wherein a higher dimensional gravity theory with 
AdS-boundary describes a quantized field theory on the boundary. Asymptotically flat 
boundary conditions are not well-motivated physically in higher dimensions. However, they 
can serve as a clean setup to isolate new phenomena of higher dimensional gravity theories. 

In this review article, we will concentrate on uniqueness theorems in higher dimensional 
gravity theories, (b). Of course, because higher dimensional theories can always be reduced to 
lower dimensional ones with additional matter fields via the Kaluza-Klein reduction process, 
(b) includes also many models in (a). Not surprisingly therefore, much less is known about 
the uniqueness theory of higher dimensional black holes than in 4 dimensions, in much the 
same way as much less is known about general Einstein-matter systems compared to the 
vacuum theory in 4 dimensions. Generally speaking, one might expect to be in either of the 
following three, qualitatively different, situations: 

1. ("Best possible case") This would mean that all black hole solutions in the given theory 
(e.g. vacuum general relativity in D dimensions, or including various special matter 
fields) would be specified uniquely by a finite set of "conserved charges" that are cal- 
culable as surface integrals over a large (D — 2)-dimensional surface near infinity. For 
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example, in pure Einstein-gravity, these would be the conserved ADM-type mass, and 
the ADM-angular momenta (or more restrictively even, as in D = 4, the angular mo- 
menta corresponding to rotational Killing fields). In theories involving also matter 
fields such as Maxwell fields, these would include additionally e.g. electric/magnetic- 
type charges etc. It is clear that we cannot to be in this situation for general matter 
fields, because it is known even in 4 dimensions that black hole uniqueness theorem 
in this form does not hold e.g. for the Einstein- Yang- Mills system, see (a). It is also 
clear that we cannot expect to be in this situation even for pure Einstein-gravity in 
D dimensions, because solutions of 4-dimensional Einstein-S'[/(iV)-Yang-Mills theory 
are solutions of this theory via the Kaluza-Klein reduction process e.g. if the D- 
dimensional manifold is ^ x SU(N), with *M the 4-dimensional spacetime manifold. 
The latter solutions are not asymptotically flat from the point of view of the higher 
dimensional spacetime (they are asymptotically Kaluza-Klein, see below), so one might 
hope that black hole uniqueness in the sense of the "best possible case" might hold e.g. 
in pure Einstein-gravity in D dimensions, if we restrict to stationary black holes that 
are asymptotically flat in the D-dimensional sense (i.e., asymptotic to .D- dimensional 
Minkowski spacetime). However, this-to the surprise of many researchers-also turned 
out to be false when Emparan and Reall [32] discovered 5-dimensional regular, station- 
ary asymptotically flat black "rings" which had the same mass and angular momenta 
as the previously known Myers-Perry solutions [107], but were not isometric to these 
and even had a different horizon topology (explicit forms of many higher dimensional 
black hole solutions are given e.g. in the review [33]). Thus, we definitely cannot be 
be in the "best possible case" . 

2. ("Intermediate situation") Since higher dimensional black holes cannot be uniquely 
specified by their conserved charges (ADM-mass, ADM-angular momenta, electric 
charge(s), . . . ) alone, one might hope that they might be uniquely specified if one adds 
to these parameters further ones that somehow specify internal degrees of freedom of 
the stationary black holes that cannot be read off from the asymptotics at infinity 
via the conserved charges alone. A hint that this expectation might not be unreason- 
able comes from other systems of PDE's of geometrical nature admitting soliton-like 
solutions, but not containing the gravitational field. For example, it is well-known, 
that the space of self-dual solutions to the Yang-Mills equations F = *F, modulo 
gauge transformations, on a sufficiently generic, compact, Riemannian 4-manifold 
is itself a manifold Xk (see e.g. [5]), whose dimension is given by dim Xf. = 8k — 3 
[for SU(2)], where k = 02(E) is the second Chern number of the associated bundle 
E — > interpreted as the instanton number. The local coordinates on X^ have an 
interpretation in terms of the relative position, orientation, and size, of the instantons 
represented by the gauge field. Similarly, the space of /^-centered BPS monopole so- 
lutions modulo gauge transformation on IR 3 with gauge group SU(N) is known to be 
a finite-dimensional manifold, see e.g. [4]. The local coordinates of X^ again have an 
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interpretation in terms of the position, orientation, velocity and magnetic charges of 
the monopoles. Furthermore, in both examples, the dimension of the space of solutions 
modulo gauge transformations is related to the index of some differential operator. By 
analogy with these non-linear systems of PDE's, one may hope that the space of, say 
black hole solutions with k components of the event horizon of given topology modulo 
gauge transformations, may be given by a manifold (or maybe more generally, a 
space with certain singularities) whose local coordinates describe the relative position, 
size, orientation etc. of the black hole horizons, and possibly other data encoding the 
topology/shape of the ambient manifold surrounding the black holes. One may fur- 
ther hope that the dimension of the space X^ may be related to the index of some 
operator associated with the linearized Einstein equations. The present knowledge of 
black hole solutions in pure Einstein- gravity does not contradict this scenario, and it 
seems plausible that this should be the typical situation for supersymmetric solutions 
(in supergravities). However, there are no general results. 

From the classical viewpoint, proving scenario 2) would be no less satisfactory than 
1). However, in the context of quantum gravity, the situation is less clear. While the 
conserved charges should retain their role also in quantum theory as operators whose 
eigenvalues are the charge quantum numbers of the corresponding quantum states, (as 
they do in ordinary quantum field theory), the role of the further "internal parameters" 
in scenario 2) at the quantum level is much less clear. 

3. ("Worst case scenario") The most general possibility is that the space of stationary 
black hole solutions, with, say, a fixed number of horizon components, is not finite 
dimensional in nature, i.e. that there are "free function(s) worth" of solutions with 
given asymptotic charges. In this case, there seems to be little point in trying to prove 
a "uniqueness theorem" . 

In summary, while it is known that we are not in case 1), it is unknown whether we 
are in case 2) or 3), even for asymptotically flat, stationary vacuum black holes in D > 4 
dimensions. 

Related to the question of black hole uniqueness is that of stability. If a black hole is un- 
stable, then one may expect that the endpoint of the evolution of an instability will be a 
new kind of black hole-assuming of course that the system settles down at all. Furthermore, 
stability analyses can in principle detect the existence of new stationary black holes which 
are perturbatively close to a given family of black holes. To understand the stability issue 
for a given family of stationary black holes, one may, for simplicity, start by looking at 
the linearized field equations around that background (although one should emphasize that 
linear stability does not necessarily imply stability against small finite perturbations). Un- 
fortunately, already in the simplest cases such as a Schwarzschild black hole, the analysis of 
these equations is still rather involved [135]. (See also [90, 80]. For a more modern treatment 
of the scalar version of the stability problem based on the method of "energy norms", see 
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e.g. [26].) In the four dimensional Kerr case, there is available the Teukolsky formalism [128] 
which effectively reduces the full set of coupled perturbation equations to that of a single 
complex variable. Furthermore, that equation can be studied via separation of variables 
techniques, and this analysis shows that the Kerr black hole is stable "mode-by-mode" . Un- 
fortunately, there is no known formalism of comparable power neither in higher dimensions, 
or in 4 dimensions with more general matter fields. Progress has been made (see [29] and 
refs. therein) in higher dimensions for certain kinds of stationary black holes which are 
characterized by a wide separation of scales between various parameters characterizing the 
black hole, e.g. "long-thin" (highly prolate), or "flat thin" (highly oblate) horizons, partly 
based on numerical methods. Some of these black holes have thereby been determined to 
be unstable, and the nature of the instability is qualitatively similar to that known before 
for the 5-dimensional black string [56]. However, there is no complete picture. There are 
also other approaches to the black hole stability problem based on variational principles re- 
lated to "local Penrose inequality", or on the notion of thermodynamic stability, see [40, 76]. 
Unfortunately, also these methods do not give a complete picture of stability of standard 
families of higher dimensional black holes. 

Linearized analyses can also detect whether a new family of stationary black holes is 
"branching off" from a given family. Indeed, if a given black hole admits a stationary (non- 
gauge) perturbation, which is not tangent to the original family of solutions, then this is 
evidence-although not proof-for a new family of solutions. This has also been carried out 
in some examples [29], and evidence has been found for the existence of a 70-parameter 
family of new stationary solutions in D = 9 dimensions branching off from Myers-Perry 
black holes in a certain parameter range [28]. In particular, evidence has been found for 
families of solutions with a very small number of Killing vectors (i.e. with the minimum 
possible symmetry compatible with the rigidity theorem, see below). Evidence in the same 
direction has also come from an entirely different approximation scheme, wherein the black 
object is treated as some sort of extended test-object, in much the same way as one can treat 
small objects as point-particles. This so-called "blackfold approach" [34] likewise indicates 
the existence of, yet unknown, asymptotically flat solutions with a very small number of 
Killing vectors. Thus, it appears from a variety of viewpoints that the manifold of black hole 
solutions in higher dimensions is largely unknown. 

The plan of this article is as follows: We first outline, schematically, the proof of the black 
hole uniqueness theorem for Einstein-Maxwell theory in 4 dimensions. We then critically 
review to what extent the steps in this analysis generalize to higher dimensional theories, 
outlining the method of proof of the key intermediate theorems, which are also interesting 
in their own right as general structure theorems for higher dimensional black holes. We then 
present black hole uniqueness theorems in higher dimensions in the static, resp. stationary, 
case in higher dimensions. In the first case a rather complete picture emerges (in particular 
for supersymmetric solutions in certain supergravity theories), but in the second case, results 
are currently available only if one imposes more symmetry on the solution than what one 
has the right to expect in view of the rigidity theorem and also the numerical evidence. We 
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will mostly restrict the discussion to either vacuum general relativity or simple extensions 
thereof, but we will try to indicate in what situation the techniques can be generalized 
to more general theories. Also, we will restrict attention mostly to asymptotically flat, or 
asymptotically Kaluza-Klein boundary conditions at infinity, and we will (except in the 
discussion of supersymmetric solutions) usually assume that the black hole is not extremal. 

2 General structure of uniqueness proof and history in 

L> = 4 

For comparison with the higher dimensional case, we first give an outline of the proof that 
the Kerr-Newman black holes [87, 109] are the only stationary, asymptotically flat black hole 
solutions in Einstein-Maxwell theory in D = 4. The action is 

S = I -R * 4 1 + F A mF . (1) 

Here, is a four dimensional spacetime manifold, with Lorentzian metric 1 g and the field 
strength is F = dA. It is assumed that g, A satisfy the asymptotic conditions 

^ = ^ + 0(r" 1 ), A^ = 0(r- 1 ) (2) 

in a Cartesian coordinate system x^ (and an appropriate gauge for A) that is defined in the 
asymptotic region of jtf . In particular, the asymptotic region is required to be diffeomorphic 
to R times R 3 \ B^, with I? 3 a sufficiently large ball of radius r with respect to the radial 
Cartesian coordinate r = \fx\ + x\ + x\. As usual, it is also required that derivatives fall off 
by a correspondingly higher power. The metric and gauge field are stationary in the sense 
that there exists a vector field t on ^ which is equal to d/dx° in the asymptotic region, 
such that 

Sf t g = = . (3) 

The asymptotic conditions allow one to construct the asymptotic null infinities J 2 ^ of the 
spacetime (see the conformal diagram of Schwarzschild below 2 ), and the black hole may then 
be defined rigorously as the complement of the past of future null infinity, 

BE = ^\r{^ + ), WH = ^\/ + (/"), (4) 

and similarly the white hole. / denote the chronological future/past of a set. It is of 
course understood that BH region should not be empty. As we will never be concerned 
with the interior of the black hole, we will normally use the symbol ^# for the exterior of 

1 Except in sec. 4.3, our signature convention is ( — h + . . . ). 

2 The extended Schwarzschild spacetime has two asymptotic ends, but in the rest of this paper we will 
restrict attention to one given asymptotic end of the spacetime under consideration. 
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the black and white hole, also called "domain of outer communication" (for a more precise 
definition see sec. 3.1). It corresponds to the blue region in the figure. */# has an inner 
boundary, = Jff, comprised of the union of the future and past horizon Jf? . We wish 
to understand what solutions (A, g) — subject possibly to further technical assumptions such 
as analyticity/global causal structure — there can be. 




The analysis proceeds in the following steps (we restrict ourselves for simplicity to non- 
extremal black holes, k > 0, see eq. (7)): 

1. Using the geometric nature of the horizon Jf, and the field equations, one shows [62, 63] 
that each horizon cross section is topologically a sphere, B = S 2 . This is called the 
"topology theorem". In particular Jif ± = Kx S 2 . 

2. Now consider the restriction of t to the horizon, 3^ = U 34?~. Then we can be 
in either of the following cases: (a) The horizon is non-rotating, in the sense that t is 
null on Jif, i.e. tangent to the null-generators. Then the "staticity theorem" of [126] 
implies that the spacetime is not only stationary but even static. This means that there 
is a foliation by Cauchy surfaces S(r) of ^# intersecting the bifurcation surface B such 
that t is orthogonal to each S(r). In fact, we may chose r as one of the coordinates, 
and then, identifying S(r) with X along the orbits of t, we can write ^# = RxE, 

g = —N 2 dr 2 + h , A = dr , t = (5) 

where h is a Riemannian metric on E, N > a smooth function (lapse), and is the 
electro static potential, all independent of r. 

(b) On the other hand, if t is not tangent to the generators on Jif, then the horizon is 
rotating. Using the topology theorem B = S 2 , and that a vector field on S 2 necessarily 
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vanishes somewhere, one can then establish the "rigidity theorem" [63], under the 
assumption of analyticity of the spacetime. This theorem states that there exists a 
second Killing field ip on (^#, g, A) (i.e., both g and A are Lie-derived by ip) commuting 
with t such that the flow generated by ip has closed orbits with period, say, 2n, and 
such that 

K = t + n^, (6) 

is tangent to the null-generators of the horizon. In particular, the horizon is a "Killing 
horizon," whose surface gravity k > 0, defined through 

V K K = kK (7) 

can then be shown 3 to be constant on Jif [130]. The constant Q is interpreted "angular 
velocity" of the horizon. 

At this stage, the argument branches off, depending on whether one is in the non-rotating 
(i.e. static) case (a), or the rotating case (b). 

3a) Static case : In the static case, there are now several arguments that the solution un- 
der consideration must be the (regular, non-degenerate) Reissner-Nordstrom solution, 
characterized uniquely by its mass M and electric charge Q. Traditionally, one proceeds 
via Israel's theorem [84] which states that the solution must be rotationally symmet- 
ric, i.e. invariant under 0(3). The rest is a straightforward integration of Einstein's 
equation subject to staticity and 0(3)-symmetry, as is done in Schwarzschild. A more 
modern version is given in [124] 4 and [13, 100]. The method of the last paper is partic- 
ularly elegant and consists of the following steps, where we restrict for simplicity the 
discussion to the vacuum case, A = 0. One starts by doubling the spatial slice (E, h) 
across the horizon cross section, gluing a copy E onto £ along B. One then performs 
a conformal rescaling from h to h = Q 2 h on the doubled spacetime E = E U E, with 
Q chosen in such a way that (a), the scalar curvature R of h is non-negative, (b) such 
that Q — > 1 near the spatial infinity iq of E, and (c) such that Q — > near the spatial 
infinity io of E, in such a way that E is effectively compactified, or "capped off", (d) 
The mass M of (E, h) is zero. Then the positive mass theorem is applied to (E, h), 
implying that h is in fact the flat Euclidean metric on E = K 3 . The rest of the proof 
then proceeds by showing that Q must be precisely so that Q~ 2 5 = h is equal to the 
spatial part of the Schwarzschild metric in isotropic coordinates, from which it then 
easily follows that the spacetime itself is Schwarzschild. We will give a more detailed 
account of this argument, taken from [52] and valid also for higher dimensions and 
various matter fields, in sec. 3.8. 



3 The proof of this statement only requires that the Einstein equation holds with a stress tensor satisfying 
the dominant energy condition. 

4 Note that his argument contained a gap. 
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3b) Rotating case: Here one proceeds as follows (again we restrict attention for simplicity 
to A = 0). First, using Einstein's equation, one shows that the metric on j& can 
be written globally in Weyl-Papapetrou form, meaning that globally, coordinates r > 
0, z, r, together with a 27r-periodic coordinate (p can be chosen, in such a way that 

v 2 dT 2 d 

g = -— -^ + e- u (dr 2 + dz 2 ) + f(dip + wdr)(dip + wdr) , if> = — , t = — . (8) 

The remaining components of the metric, /, u, w are functions of r > 0, z only, and 
they obey equations that follow from the original Einstein equations. Assume now that 
there were two solutions with equal values of the mass M and angular momentum J 
relative to the Killing field, defined as 

J = / * 4 d^ (9) 
8vr Joe 

where the integral is over a large sphere in the asymptotic region. Then, one derives, 
using the Weyl-Papapetrou form that both metrics must satisfy, a partial differential 
equation in r, z for a quantity measuring the "difference" between non-trivial metric 
components of the two metrics. The particular form of this identity, called "Robinson 
identity" [119] allows one to prove that this "difference" actually has to be zero, and 
hence that the metrics actually have to coincide. It was originally not clear how to 
generalize the Robinson identity to the case of Einstein-M axwell theory in 4 dimensions, 
but this problem was later solved by [101] and [12]. Their work in particular showed 
that the Robinson identity can be understood from the point of view of certain non- 
linear sigma-models. It is this viewpoint that proves useful also for other theories, and 
in higher dimensions, and we will review it in some more detail below in sec. 3.5. 



3 Higher dimensions 

In this section, we will critically investigate the various steps described above in 4 dimen- 
sional Einstein Maxwell theory, and see to what extent they can be generalized to higher 
dimensions. We will then explain what kinds of uniqueness theorems are presently available. 
For simplicity, we will mostly restrict to vacuum general relativity, and to non-extremal black 
holes [i.e. non- vanishing surface gravity, see eq. (17)], but we will also comment on more 
general cases, mostly in sec. 4. 



3.1 Asymptotic conditions 

Let (^#, g) be a D- dimensional, stationary black hole spacetime D > 4. The asymptotically 
timelike Killing field is called t = t^d^, so Jf t g = 0. Depending on the theory under 
consideration, or the nature of the solutions that one is interested, one may wish to impose 
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different asymptotic conditions on the metric and corresponding conditions on the matter 
fields, if those are present in the theory. Standard asymptotic conditions on the metric are: 

1. Asymptotically flat boundary conditions: The metric approaches D-dimensional Minkowski 
spacetime R- 0-1,1 at large distances as in eq. (2), with 0(r _1 ) replaced by 0(r~( D ~^), 
or at late advanced/retarded time ("null infinity"). Note that the asymptotic sym- 
metry group of an asymptotically flat spacetime is SO(D — 1,1) x M D (semi-direct 
product). In particular, the number N of commuting Killing fields with circular or- 
bits must correspond to a subgroup U(1) N C SO(D — 1, 1) of the Cartan subalgebra. 
Hence, 

d - r 



N < 

2 

Here \x] is by definition the largest integer n < x. 



(10) 



2. If the theory has a negative cosmological constant, or scalar fields with a minimum 
of the potential that effectively provides this, then asymptotically Anti-deSitter (AdS) 
boundary conditions are appropriate, see e.g. [67], or many other references. These 
boundary conditions can be viewed as saying that a suitably conformally rescaled 
spacetime Q 2 g has a timelike conformal boundary. Similarly, if the theory has a pos- 
itive cosmological constant, then it is reasonable to consider asymptotically deSitter 
"boundary" conditions. In that case, one has a spacelike conformal boundary. We 
will not discuss here either type of theory, although they are of considerable interest 
and various exact black hole solutions have been found. However, especially in the 
AdS case, recent investigations indicate that the manifold of black holes may be very 
complicated [27, 9]. 

3. Asymptotically Kaluza-Klein (KK) boundary conditions (see below): The spacetime is 
asymptotically M 5,1 xY D ~ s ~ 1 , where Y ^ 13 ^ 1 is a compact Riemannian manifold (D— s— 
1 extra-dimensions). Alternatively, one can consider the asymptotics AdS s+ i x Y D ~ s ~ l 
or dS s+ \ x Y D ~ S ~ 1 . Again, if we have N commuting circular Killing fields, then N is 
restricted by the number of circular symmetries that W 1 * 1 x Y D ~ s ~ l has, and similarly 
in the dS and AdS-cases. The maximum N = D — 3 can be achieved if s — 1, 2, 3, 4, 
and Y s ~ D ~ l = P ]T D ~ S ~ 1 . We will exclusively deal with this case in this review. 

4. Other variants of the above asymptotic conditions can also be considered. For example, 
one might replace the asymptotically flat condition by "locally asymptotically flat". 
This means that the spacetime is not asymptotically It 0-1 ' 1 , but instead IR- D ~ 1 ' 1 /T, 
where r C 0(D - 1) is some discrete subgroup of the spatial rotations. For example, 
in D — 5, we could take a cyclic subgroup T = Z p C 0(4). Then the large spheres 
S 3 near spatial infinity are replaced by a quotient S 3 /Z p . Of course, one can consider 
also other discrete subgroups, KK-quotients, etc. Black hole spacetimes of this nature 
have been given e.g. by [18]. 
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5. One may also study "braneworld boundary conditions"; such black holes have recently 
been found numerically [38, 39]. We will not consider them here. 

Asymptotically KK-boundary conditions are in more detail as follows: We assume that a sub- 
set of j& is diffeomorphic to the cartesian product of R s with a ball removed — corresponding 
to the asymptotic region of the large spatial dimensions — and R x f D - s - 1 — corresponding 
to the time-direction and small dimensions. We will refer to this region as the asymptotic 
region and call it ^qq. The metric is required to behave in this region like 

a D-s-l 

g = -dr 2 + £ dx 2 + £ d ^ + 0(R~ S+2 ) , (11) 

i=\ i=l 

where 0(R~ a ) stands for metric components that drop off at least as fast as R~ a in the 
radial coordinate R = \fx\ + ... + a; 2 , with fc-th derivatives in the coordinates X\,...,x s 
dropping off at least as fast as R~ a ~ k . These terms are also required to be independent 
of the coordinate r, which together with Xj forms the standard cartesian coordinates on 
W* 1 . The remaining coordinates (fi are 27r-periodic and parameterize the torus f 15 ^ 3 ^ 1 . The 
timelike Killing field is assumed to be equal to d/dr in ^x,. We call spacetimes satisfying 
these properties asymptotically Kaluza-Klein spacetimes 5 . 
The domain of outer communication is defined by 

((^)) = /+ (^ oo ) n /- {J£ x ) , (12) 

where 1^ denote the chronological past /future of a set. The black hole region B is defined as 
the complement in of the causal past of the asymptotic region, and its boundary dB = Ji? 
is called the (future) event horizon. Since we will never be concerned with the interior of the 
black hole, we will simply write ^ again for the domain of outer communication. 

In this paper, we also sometimes assume the existence of D — 3 further linearly indepen- 
dent Killing fields, ipi, . . . ,ipD-3, so that the total number of Killing fields is equal to the 
number of spacetime dimensions minus two. These are required to mutually commute, to 
commute with t, and to have periodic orbits. The Killing fields ipi are referred to as "axial" 
by analogy to the four-dimensional case, even though their zero-sets are generically higher 
dimensional surfaces rather than "axis" in D > 4, see the discussion below in sec. 3.4. We 
also assume that, in the asymptotic region ^#oo, the action of the axial symmetries is given 
by the standard rotations in the cartesian product of flat Minkowski spacetime W' 1 times 
the standard flat torus T D ~ S_1 . In other words, tpi = d/difi or 6 ipj = X2j-id X2j —x 2 jd X2j _ 1 for 
j = 1, . . . , \s/2] in Mqo. The group of isometries is hence G — R x K, where R corresponds 
to the flow of r, and where K = T D ~ 3 corresponds to the commuting flows of the axial 
Killing fields. 

5 For the axisymmetric spacetimes considered in this paper, we will derive below a stronger asymptotic 
expansion, see [74] 

6 The notation \x] means the largest integer n such that n < x. 
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Unfortunately, in order to make many of the arguments in the following sections in a 
consistent way, one has to make certain further technical assumptions about the global 
nature of (^#, g) and the action of the symmetries. Our assumptions are in parallel to those 
made by Chrusciel and Costa in their study [20] of 4-dimensional stationary black holes. 
The requirements are (a) that ^ contains an acausal, spacelike, connected hypersurface 
£ asymptotic to the r = surface in the asymptotic region ^#oo, whose closure has as its 
boundary <9X = B a cross section of the horizon. We always assume B to be compact but 
we allow for multiple components, (b) We assume that the orbits of t are complete, (c) We 
assume that the horizon is non-degenerate, (d) We assume that ^# is globally hyperbolic. 
We will also occasionally assume (e) that the spacetime, the metric, and the group action 
are analytic, rather than only smooth. 

3.2 Rigidity theorem 

The rigidity theorem is not only a key ingredient in the black hole uniqueness theorems, 
but also important on its own right. This is because it shows that every stationary black 
hole horizon is, in fact, a Killing horizon, i.e. that there is a Killing field K tangent to the 
generators of commuting with t, or coinciding with it. That in turn implies [130] the 
constancy of the surface gravity, which otherwise would not even be defined. Because the 
constancy of the surface gravity is physically interpreted as the constancy of the temperature 
of the black hole (zeroth law of black hole mechanics), this result is of fundamental physical 
importance, and it is also the basis for the other laws of black hole mechanics. The precise 
statement of the rigidity theorem [72, 103] is as follows: 

Theorem 1. ("Rigidity theorem") Let (^,g) be an asymptotically flat, analytic stationary 
black hole solution to the vacuum Einstein equations. Assume further that the event horizon, 
Jif, of the black hole is analytic and is topologically Mx5, with B compact and connected, 
and that the average surface gravity (k) ^ (see eq. (17) below). Then there exists a Killing 
field K, defined in a region that covers J$f and the entire domain of outer communication, 
such that K is normal to the horizon and K commutes with t. 

The rigidity theorem has the following consequence [72, 103]: 

Theorem 2. Under the same assumptions made in Theorem 3.1 above, if t is not tangent 
to the generators of Jrff, then there exist mutually commuting Killing fields ipi, . . . , "0jv (with 
[-^-!-] > N > 1) with closed orbits with period 2n which are defined in a region that covers 
Jt? and the entire domain of outer communication. Each of these Killing fields commutes 



with t, and 



N 




(13) 



for some constants f2j 7^ 0, all of whose ratios are irrational. 
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The proof of both results relies heavily on the Einstein equations and also on some global 
results such as topological censorship, see below. First, one shows that near J^ 5 , the space- 
time is doubly foliated by a 2-parameter family B(u,r) of compact cross sections, such 
that the metric takes the "Gaussian null form" [112, 102] 

g = 2 dw(dr - ra du - rf3 a dx a ) + ^ ab dx a dx b . (14) 

Here, x a are local coordinates on B, and a, (3 = /3 a dx a ,7 = ■j a bdx a dx b are a scalar field, 
1-form, and Riemannian metric on each of the spheres B(u,r) that are parameterized by 
u,r. The horizon M 3 is at r = 0. The form of the metric implies that I = d/dr and n = d/du 
are commuting vector fields. I is a null vector field transverse to Jif which is also tangent 
to a congruence of null geodesies, n is null on Jf, and on J$?, tangent to a congruence of 
null-geodesics, therefore 

V n n = a n on Jtif. (15) 

"Gaussian null coordinates" are adapted particularly well to the geometry near a null surface. 
The Ricci tensor of g can be expressed in terms of the fields a, (3, 7; one obtains (see e.g. [72]): 

R ab = -&A lah - aJ^aab + R ab (l) - 6 c { J d b) D c f3 d - ^/3 a /3b + 0(r) 

R ua = -D a a + ) i 5£ n $ a + -^ hc %nlb c -b\ a b\^D d { 1 bc ^ (16) 

R ur = -2J^a + i 7 c V b (^n7 c d)^ 

Here we have not written out for simplicity terms of order 0(r) that vanish on Jif, but the 
form of these terms is needed in the proof of the rigidity theorem (see e.g. [72]). The uu, ar 
and rr components are also not written, but are likewise needed. If was already known 
to be a Killing horizon, then we could choose the foliation B(u, r) in such a way that n = K, 
and hence, in view of eq. (7), that a = k = est. Even though we do not know this at this 
stage, the average surface gravity may be defined by 

vol(.B) J B 

where dS is the volume element associated with 7, and where B is any of the surfaces 
B(u,r = 0). The average surface gravity turns out to be independent of u, because a and 
in fact any of the tensor fields r, u, a, (3, 7 is Lie-derived by t. 

The desired Killing vector field, K, is constructed in two steps. 

1. First it is constructed locally in a neighborhood of H, in the sense that the 'Taylor 
expansion' around satisfies 

Jz^Jzfz ••• SfK &K®) = 0, m = 0,1,2,... on^T, (18) 

m times 

where $ denotes either one of the fields a, j3, 7. 
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2. Then K is extended to the domain of outer communication. For the purpose of Step 
2), we assume that the spacetime metric and matter fields be real analytic. The fact 
that is simply connected (see sec. 3.3) implies that the extensions are single valued 
tensor fields on . 

Thus, if we assume analyticity, the main work of the proof is step 1). The key idea of the 
proof is to choose K := n for a suitable choice of the foliation B(u, r)— to be determined!- 
such that the metric takes Gaussian null form. Note that, since u, r are affine parameters 
by construction, the foliation is determined uniquely once we give an arbitrary member 
B = B(u, r = 0), and on B, we choose n, I subject to 1 = g(n, I). 

To start, one shows that automatically Jzf n 7 = 0, for any foliation of the type described. 
This is proved via the Raychaudhuri equation 

where we mean the expansion 8 n and shear a n of the congruence generated by n. The stress 
energy term T uu actually vanishes due to the vacuum Einstein equations. With the help of 
this equation, and the global structure of one now derives, as in the area theorem, that 
8 n = = cr„, and because these tensor fields are on ffl the trace and trace- free parts of 
J2? n 7, we are done. However, from the ua component of Einstein's equations written out in 
Gaussian null-coordinates (3.2) we then get: 

-Sf n /3 = da , on B, (20) 

and because a is not constant on B unless we choose a very special foliation, we see that 
=§?n/3 7^ 0. Thus, for a general foliation, condition (18) already fails for m = 0, in the case 
when $ = p. We wish to find a special foliation where this does not happen. 

For a given foliation, we may decompose t = n + s, where s is tangent to each B(u, r). 
A key point is that, while the Killing vector field t is given, n — >■ h and s — > s individually 
change if we change the foliation to B(u,f). It turns out that to find the desired foliation 
B(u, r), with corresponding tensor fields u, r, a, (3, 7, one has to integrate along the orbit of 
s two ordinary differential equations on B, for the quantities / = du/du respectively u on 
B. These differential equations are 

JSf,log/ = a, JSf a u=l-y. (21) 

It furthermore turns out that, once u, hence r,a,{3,j, have been determined through (21), 
the remaining conditions (18) are automatically satisfied for all m. The non-obvious proof 
of this uses Einstein's equations in the form (3.2), but expanded to all orders in r. Thus, 
what remains to be solved is eqs. (21), both of which are schematically of the form 



= J 



(22) 
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When solving this equation with respect to the spacetime dimension and the topology of 
B plays a crucial role. 

For 4- dimensions, the cross-section B must be topologically a 2-sphere due to Hawking's 
topology theorem [62]. It then immediately follows that the flow of s on B must have a fixed 
point, p, as the Euler characteristic of B = S 2 is non-zero. 

Now the (infinitesimal) action of s on any 2-vector, v, on the tangent space at the 
fixed point p (where s = 0), is (Jzf s t>) a = —v b (DbS a ). Since DbS a is a linear map on the 
tangent space T p B, which is anti-symmetric with respect to j^, the action of s describes an 
infinitesimal 'rotation' on the tangent space. Therefore all the orbits of s must be closed with 
a certain period P. Then, by integrating Eq. (22) along a closed orbit of s one can always find 
a well-defined solution \l/ which determines uniquely our desired foliation B(u,r). Putting 
K = n, one can furthermore see inductively that eqs. (18) are satisfied for any number of 
Lie derivatives by taking multiple Jzf^ derivatives of (3.2) 7 . Thus, one has completed step 1). 
Step 2) is accomplished, as already mentioned, by analytic continuation. 

In higher dimensions D > 4, however, cross-sections B of the event horizon can admit 
non-trivial topology, and there is no reason that the isometries of B generated by s need 
to have closed orbits even if s vanishes at some point p G E. (This would be the case even 
in 4-dimensions if the horizon topology could be e.g. a torus). An example is supplied 
by considering a 5-dimensional Myers-Perry black hole solution [107], whose event horizon 
cross-section is topologically B = S 3 . The solution admits two rotational Killing fields, 
and their linear combination provides s = + f^V^ on B. If we choose two rota- 
tional parameters in the linear combination so that their ratio becomes incommensurable-i.e. 
^1/^2 ^ Q-then the orbits of s are not closed on B. In this case, the argument which works 
in D = 4 simply does not work as stated in higher dimensions. 

Let us see in more detail what is the potential issue with eq. (22), and how we can 
overcome it. First, it turns out that also in higher dimensions, we can also in general always 
decompose s as s = Y^fi^ for N commuting Killing vector fields ipi on (-8,7) with closed 
orbits, and corresponding flow (an action of the torus on B) F r , with r = (r 1; . . . , tjv) a 
vector of parameters corresponding to the commuting Killing fields. For each fixed x G B, 
consider the Fourier transform (with m G 7L 1 ) in the variables Tf 

J(x, m) = — J- f J[F T _(x)] e** d N r . (23) 
(2?rr Jrn 

Then a formal solution \l/ to (22) is given by 

mi,...,rrtjv£Z\0 rrti,m,2£Z\0 \ / 

7 Here one also has to use the explicit form of the 0(r) terms, as well as the remaining Einstein equations. 
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In the second line, we have restricted to the case N = 2, to illustrate the potential problem 
with this expansion. The point is that any irrational number, Qi/Q 2 £ Q> can be approx- 
imated by rational numbers m-ilmi € Q arbitrarily closely, by taking mi, oo in a 
suitable manner. This implies that the denominator of the right side of the above equation 
can become arbitrarily small and therefore that the series for \I/ might not be convergent. 

Nevertheless, this difficulty has been overcome for non-extremal black holes (i.e., the case 
in which (k) ^ 0) by employing a novel approach, and the rigidity result has thereby been 
generalized to higher dimensions by Refs. [72, 103]. A key new idea employed in Ref. [72] is 
to apply basic results from ergodic theory (see e.g. [132]) to the flow F z under consideration. 
To be able to apply these results, it is important here that B is compact, and that the flow 
is isometric, i.e. in particular area preserving. When combined with Einstein's equations, 
the results from ergodic theory enable one to solve the desired differential equations (21) 
without appealing to the explicit series solution above, and hence avoiding the potential 
'small denominator problem'. 

Unfortunately, for the extremal black hole case (k) = 0, these methods using ergodic 
theory do not seem to generalize in a straightforward manner. But if we additionally require 
(in the example of N = 2-dimensional torus above), that there exists a q > such that 

Qi m,2 

^2 mL 

then one can show that the formal series solution, to (22), given by eq. (24), is convergent 
and therefore well-defined, and that it gives the desired (analytic) solution to our equation. 
Condition (25) — called Diophantine condition — is known to be satisfied for some q except 
when Q1/Q2 happens to be in a special set of irrational numbers of measure zero. Therefore, 
we can virtually always solve eq. (22) [69]. A similar condition can also be formulated for 
D > 6, see [69]. Again, this generalized Diophantine condition holds for all Q G M. N except 
for a set of Lebesgue measure zero. 

With the additional condition of the type (25), the rigidity theorems above have been 
extended to include extremal black holes in Theorems 1 and 2 of Ref. [69]. Note that when 
N — 1, the Diophantine condition is automatically satisfied. But when N > 1 — which can 
happen only in higher dimensions — the condition is non-trivial. In this sense, the theorems 
for the extremal black hole case are weaker than the theorems for the non-extremal case. 

A few remarks on the rigidity theorems for both extremal and non-extremal cases are in 
order: 

1. Theorems 1 and 2 above, and those corresponding to the extremal case in Ref. [69] hold 
also true for stationary black holes coupled to matter fields in a fairly general class 
of theories that include scalar fields taking values in some Riemannian target space 
(X, Q), Abelian gauge fields with or without a Chern-Simons type term in the action, 



> 



m 



(25) 
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as well as cosmological constant, described by an action of the form 

S= [ l -R *d 1 + \.Qab{4>) d0 a A * D d0" + V(0) * d I + U A b{4>)F a A (26) 

plus possibly a Cher n- Simons term. The key requirements on "H, V are essentially 
that the stress tensor component in the Raychaudhuri equation satisfies the energy 
condition T uu > 0, which means that Wab and Q a b should be positive definite. Thus, 
the above theorems in particular apply to stationary, asymptotically (anti-)de Sitter 
black holes as well. 

2. The theorems apply not only to a black hole horizon but also to any horizon defined as 
a "boundary" of the causal past of a complete orbit of some Killing vector field, such 

cosmological horizon if it exists. 

3. One can partially remove the analyticity assumption for the black hole interior, fol- 
lowing the strategy of Refs. [44, 114]. For the non-extremal case, the event horizon is 
isometric to a portion of some bifurcate Killing horizon [116, 117]. Then one can use 
the bifurcate horizon as an initial data surface for K defined in a neighborhood of M~ '. 
Then, applying a characteristic initial value formulation to extend K into the interior 
of the black hole. This type of characteristic initial value problem is ill-defined towards 
the black hole exterior region and therefore would not appear to be applicable to ex- 
tend K into the domain of outer communication. Nevertheless, remarkable progress 
has recently been made along this direction [82, 83] in D = 4. Unfortunately, these 
methods depend at the moment on the consideration of a tensor field ("Mars Simon 
tensor" [98]) which has remarkable properties in D = 4, but which has no obvious 
generalization to higher dimensions. Thus, it seems that their approach also does not 
have an obvious generalization to D > 5. 

3.3 Topology theorems 

We next summarize what is known about the topology of higher dimensional black hole 
spacetimes, and what the differences to 4 dimensions are. Of interest are: 

1. The topology of the event horizon cross sections, B. 

2. The topology of the domain of outer communications, j& . 

1) Horizon Topology: The topological (actually C°°-) invariant that is known to char- 
acterize the topology of the horizon B is the so-called "Yamabe number". This is defined 
as follows. Let 7 be any Riemannian metric on B, not necessarily that induced from the 



19 



spacetime metric g. Define the number Y [7, B], depending on the conformal class of 7 by 

#(7) dS 

dS 



y[ 7 ,S]:= inf ^ (27) 



B 

where 7 = v? 2 7 is the conformally transformed metric, and dS its integration element. The 
Yamabe invariant is given by Y[B] = supr 7 i Y[B, 7], where the sup is over all conformal 
classes. In D = 4, where i? is 2-dimensional, 3^[-B] is up to a constant equal to the Euler 
characteristic of B. 

Einstein's equations give constraints on the Yamabe invariant of horizon cross sections, 
and in fact also on more general D — 2-dimensional compact surfaces B C ^ satisfying 
certain geometrical conditions. These geometric conditions are that B is a "stably marginally 
outer trapped surface" (MOTS). This notion is defined as follows, see e.g. [1] for discussion. 
We suppose that, on B, we have defined a pair of null vector fields n, I, orthogonal to B, such 
that g(n, I) = 1. n is chosen future pointing, and is extended to generate a congruence of 
affine null geodesies, i.e. a null sheet jV . I is chosen "outward pointing" , parallel transported 
along jY , and extended off jY by demanding that it be tangent to another congruence of 
null geodesies, n, I are completely fixed once they have been defined on B, and at each point 
p of B, they are uniquely fixed up to a rescaling keeping g(n,l) = 1. Letting 6 n j be the 
respective null expansions, it is demanded that there exists a choice of n, I, such that 

9 n = 0, JS?,0 ft >O, on B. (28) 

The first condition states that the expansion on jV in the n direction vanishes, and the 
second one is satisfied if 9 n is non-negative slightly outside of jY . An example of a MOTS is 
the event horizon Jf? of a black hole (see [99] (proposition 3) and also [76]), see the following 
picture, so the following arguments in particular apply to that case. 
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A more pedestrian way of stating the MOTS condition is that, near JV , the metric g 
takes Gaussian null form (14), with JV defined by r = 0, B defined by u = = r, and 
with n = d/du, I = d/dr. (Since we take u to be an affine parameter, the metric coefficient 
of a in (14) is now in fact r 2 rather than only r.) The MOTS conditions are equivalent to 
l^du^ab = and <9r-(7 a6 du7afc) > 0. The theorem is [46, 47], see also [64] for antecedents: 

Theorem 3. ( "Horizon topology theorem" ) If B is a stably marginally outer trapped surface, 
and if the stress tensor satisfies the dominant energy condition, then B is of positive Yamabe 
type, Y[B] > 0. 

A particularly simple proof of this theorem was given by [115]. To combine the geometric 
conditions on B, and the conditions on the stress tensor, i.e. in effect, the Einstein equations, 
one first derives from the ur and ab components of the Einstein equations in Gaussian null 
coordinates (14): 

&i0 n + ejt = T ur + ~[#( T ) + D a f3 a - ^ a f3 a ] . (29) 

Then, multiplying both sides by a testfunction (p, using the MOTS conditions, using T ur > 0, 
applying the elementary inequality 



V 2 D a f3 a = D a ( V 2 p a ) - 2 V (D a V )/3 a < D a (ip 2 [3 a ) + 2{D a V )D a <p + ^ 2 /3 a /3 a , (30) 
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and integrating over B, one gets for D > 5: 




> . 



(31) 



(f 2(D-2) \ 



This inequality is known to imply K[S,7] > 0, hence Y[B] > also. For D — 4, one simply 
integrates eq. (29) over B and uses Gauss theorem to get rid of the total divergence term. 
This immediately gives J B R(j) dS > 0, i.e. B = S 2 or T 2 by the Gauss-Bonnet-theorem. If 
one assumes the strict MOTS condition {5£\Q n > somewhere on B), one obtains the claim 
Y[B] > 0. Actually, one can even show that Y[B] > without the strict MOTS condition, 
by another argument [46, 47]. 

The condition that Y[B] > imposes a restriction on the possible topologies of B. For 
example: 

1. D — 4: Y[B] > implies that the Euler characteristic of B is positive, hence B = S 2 . 
Thus, one recovers Hawking's topology theorem [62]. 

2. D = 5: In this case B is a closed compact 3- manifold. It is known that Y[B] > 
implies that B is a connected sum 



where Ti C 0(4) are discrete subgroups (possibly trivial). 

3. In dimensions D > 5, the positive Yamabe condition becomes less and less restrictive. 

Further restrictions arise e.g. in D = 5 in the case of stationary black holes, if we 
combine these techniques with the topological censorship theorem (see below) and the rigidity 
theorem (see above). In that case, the rigidity theorem guarantees that the spacetime metric 
has a U(l) symmetry in addition to being stationary. In particular, B has an action of 
U(l) = S 1 , and so is a special case of a Seiffert 3-manifold. One can consider the factor 
space B = B/U(l), which in general is not a manifold, but an "orbifold" (possibly with 
boundaries), characterized by singular points with deficit angles 2ir/pi, where pi G Z+. 
Then, using Einstein's equation, one derives that the genus of B satisfies 



if B is closed, and one also derives constraints from the topological censorship theorem if 
B has a boundary. The quantity on the left side is known as an invariant called "orbifold 
Euler characteristic" of the Seiffert fibration B — )■ B. For the case of positive orbifold Euler- 
characteristic, a complete classification of such fibrations is available in the mathematics 
literature, and this leads to [68]: 



B^ftiisyr,) #k-(s 2 xs 1 ), 



(32) 




(33) 
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Theorem 4. ("Refined topology theorem") For a stationary black hole in D = 5 in a theory 
for which the topological censorship theorem and rigidity theorem hold, we must have 

B \ Q , (34) 

where the list of possible subgroups T C 0(4) is given in [68], and where each L(p,q) is a 
lens space. 

The lens space corresponds to a particular quotient, but T in the first line can be more 
general, and S 3 /T includes also e.g. prism spaces, Poincare homology spheres etc. 

Yet further restrictions arise in D = 5 and higher dimensions if one assumes that the 
spacetime carries an isometric action not just of a single copy of U(l), generic in view of the 
rigidity theorem, but instead of multiple copies of U(l), most likely non-generic. The most 
stringent restrictions are obtained if the isometry group contains U(1) D ~ 3 . Then it can be 
shown that each horizon component must be one of the following [74]: 

■ S 3 x T D-5 

B = { S 2 x T D ~ 4 (35) 
L(p, q) x T D ~ 5 

In particular, in D = 5 we only have the possibilities S 3 , S 2 x S 1 , L(p, q). In particular, more 
exotic quotients of S 3 other than the lens space are ruled out if the symmetry group contains 

u{\) 2 . 

b) Domain of outer communication: Much less is known about the possible topology 
of the domain of outer communication in general, except for static black holes (see sec. 3.8), 
where the topology of the Cauchy surface E connecting the horizon(s) and spatial infinity 
is flat space minus one ball per black hole horizon, MP~ l \ VJ k B®~ 1 . For stationary, but 
non-static, no comparable result is known, even though this seems to be the situation for 
most known black holes. For example, for Kerr the Cauchy surface E also has topology 
E = R 3 \ B 3 . The analogous statement is true for Myers- Perry black holes. Similarly, for 
the black ring in 5 dimensions, E = M 4 \ (S 1 x B 2 ). 

A simple general statement, which already follows from the requirement of global hyper- 
bolicity without even using Einstein's equations, is that ^ = lxE. Another general state- 
ment, which uses Einstein's equations, is the "topological censorship theorem" [43, 45, 22], 
already alluded to above. In the most general form, it can be stated as: 

Theorem 5. ("Topological censorship theorem") Let Einstein's equation hold with a stress 
tensor satisfying the null convergence condition > for any null vector k. If the spacetime 
is asymptotically flat or asymptotically Kaluza-Klein, then any curve c in ^ (or in E) with 
beginning and endpoint in the asymptotic region can be continuously deformed to a curve c 
that is entirely within the asymptotic region. 
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In D = 4, this theorem implies that S is simply connected, and in particular furnishes 
an independent proof that the horizon topology B = S 2 : Indeed, suppose B had handles. 
Consider a curve with endpoints at infinity that is threaded through one of the handles of 
B. Such a curve clearly could not be smoothly deformed to a curve that is entirely in the 
asymptotic region, a contradiction with the topological censorship theorem. 

In any dimension D > 5, the topological censorship theorem implies that j$ = KxE 
(hence E) is simply connected in the asymptotically flat case. This fact was already used 
in the proof of the rigidity theorem, but it does not restrict the topology of £ very much 
in D > 5 dimensions. Tighter restrictions arise if we also use the U(l) symmetry of the 
spacetime, which is guaranteed by the rigidity theorem. 

1. As before, the restriction is most stringent in D = 5, in which case E is a simply 
connected, asymptotically Euclidean, 4-manifold with inner boundary B. Then, using 
results from topology [110, 111, 41], it was shown in [68] that 

Theorem 6. For a stationary asymptotically flat spacetime in a theory in which the 
assumptions of the rigidity and topological censorship theorem are satisfied, we have 



where BH is a compact 4-manifold with boundary B. 

If the spacetime is spin, then the complex projective spaces are absent in the decom- 
position. In all known solutions, the handles S 2 x S 2 are also absent. This result 
should maybe be contrasted with the decomposition of general 4-manifolds. As is well- 
known, with any compact oriented 4-manifold A one can associate a canonical pairing 
Qx '■ -£^2 (A, Z) x #2 (A, Z) — > R. That pairing associates with a pair of 2-cycles C, C 
the intersection number #(C R C), where each intersection point is counted with a ± 
sign determined by the relative orientations. Qx defines a quadratic form with entries 
in Z. A deep theorem in topology [42] states that Q x can be decomposed up to a 
similarity transformation as 



for some m, . . . , ml" G Z + , where E% is the Cartan matrix of the exceptional Lie algebra 
with the same name, and I m the m-dimensional identity matrix. Furthermore, A is 
determined topologically by its Qx uniquely. If the handle decomposition of A only 
has S 2 x S 2, s (corresponding to ml) and complex projective spaces CP 2 (corresponding 
to ml) and CP 2 (corresponding to m"), then one can see [110, 111] that ml" = 0, and 
the E^-factors are absent. (If the manifold is spin, the the complex projective spaces 
are also absent, ml = = ml' 1) This result cannot be applied directly to E, because it 



S = [#m • (S 2 x S 2 ) # ml ■ CP 2 # ml' ■ CP 2 # M 4 } \ BH 



(36) 




(37) 
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is not a compact manifold. However, we can glue in a ball at infinity, and a suitable 
manifold at the horizon (see [74] for details) to obtain from E a compact 4-manifold in 
a canonical way, which admits again an action of U(l) 2 . If we call by abuse of notation 
the quadratic form of this manifold by Qs, then we have: 

Theorem 7. For a rotating stationary black hole ^ = M x E, in D = 5, the decom- 
position of Q-£ does not contain E'g's. 

2. In higher dimensions D > 6, the topological censorship theorem combined with the 
U(l) symmetry from the rigidity theorem, does not seem to give a lot of restriction. 
However, assume that we even have an action of U(1) D ~ 3 . We conjecture: 

Conjecture 1. Assume that (^,g) is spin, asymptotically flat or KK, has a Ricci- 
tensor satisfying the null- convergence condition, and admits an action of U(l) D ~ 3 . 
Then the Cauchy surface E can be decomposed as 

E £ [#£r 2 3 m fc • x S - 1 -*) #(asymptotic region)] \ BH , (38) 

where the asymptotic region depends on the precise boundary conditions; e.g. in the 
standard KK setup R 3 x T D " 4 . 

3.4 Weyl-Papapetrou coordinates and orbit space analysis 

An important step in the uniqueness proof of the Kerr-Newman metric in D = 4 is to 
bring the metric into the Weyl-Papapetrou form. In 4 dimensions, the Weyl-Papapetrou 
form follows from the existence of the commuting Killing fields t, ip and certain regularity 
assumptions about the global causal structure alone, whereas the existence of ip in turn 
follows form the rigidity theorem, and t is assumed to start with. Thus, the Weyl-Papapetrou 
form of the metric for stationary black essentially (i.e., modulo the technical assumptions 
described in sec. 3.1) does not imply any loss of generality for stationary metrics. However, 
in D > 5, the Weyl-Papapetrou form only seems to follow if one makes the assumption that 
the number N of rotational Killing fields is iV = D — 3. The rigidity theorem only guarantees 
N > 1 rotational Killing fields, and this might well be the generic case. Thus, it is likely 
that the Weyl-Papapetrou form is not generic in higher dimensions, even in vacuum Einstein- 
gravity. Nevertheless, if one does assume the existence of D — 3 commuting axial Killing 
fields, (i.e. an isometric action of U{1) D ~ 3 on (^#, g)), then the generalized Weyl-Papapetrou 
can be shown to follow: 

Theorem 8. ( "Weyl-Papapetrou- form" ) If the spacetime is asymptotically Kaluza-Klein 
with 3, 4, 5 asymptotically flat ("large") dimensions, satisfies the vacuum Einstein equations, 
if there are commuting Killing fields t, ipi, . . . , ipD-3 generating the isometry group G = 
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R x U(1) D 3 , and if the spacetime satisfies satisfies a causal regularity condition mentioned 
in sec. 3.1, then the metric can be brought into Weyl-Papapetrou form 

2 i 2 

9 = + e_I/ ( dr2 + <*z 2 ) + &(<V + *>< dr)(V + dr) , (39) 

globally, but away from the horizon and any axis of rotation. 

The notation for the coordinates in the Weyl-Papapetrou form is analogous to that given 
before in 4 dimensions: ip l are 27r-periodic coordinates such that the rotational Killing fields 
ipi, ... , ipD-3 take the form ipi = d/dp 1 , and r is a coordinate such that the timelike Killing 
field takes the form t = d/dr. In other words, the metric functions fy, w l , v are independent 
of r, ip 1 , . . . , f D ~ 3 , and only depend on z G R, r > 0. The argument establishing (39) is 
outlined below. 

It is important to emphasize that the Weyl-Papapetrou form does not reflect in a very 
transparent way either the global nature of nor the global nature of the action of the 
symmetry group on jtf. in D > 5. Both have to be taken into account and understood to 
appreciate the meaning of the coordinates, and to actually derive the form of the metric. 
Broadly speaking, the points labeled by r = describe points in ^ which are either (i) 
on the horizon J^ 5 , or (ii) lie on an "axis of rotation". By the latter one means in higher 
dimensions points such that a non-trivial linear combination of the rotational Killing fields 
ipi vanishes. In case (i), this follows from the fact that t = d/dr has zero norm on J$?. For 
(ii), this can be seen from the fact that, for such points fails to have full rank, hence 
det / = 0, hence from the first term in g, r = 0. This will be described in more detail when 
we come to the proof of (39). In particular, we will describe how non-trivial topologies of ^# 
are compatible with (39). We also note that the relation between r, z, and the asymptotically 
Cartesian (spatial) coordinates X\,...,x s in the asymptotically KK-region (see sec. 3.1) is 



The theorem 8 can be proved also for more general Einstein-matter systems, see sec. 4. The 
proof of this result is rather more non-trivial than in D = 4, due to new global considerations 
about the topology of j& and the nature of the action of the isometry group G = Rx U(1) D ~ 3 . 
Therefore we will outline it here, for details see [74]. For definiteness, we will now outline 
the proof in the case of vacuum general relativity. 

Because the symmetry group has (D — 2) dimensions, the metric will, in a sense, depend 
non-trivially only on two remaining coordinates, and the Einstein equations will consequently 
reduce to a coupled system of PDE's in these variables (r, z above, but we need to explain 
how exactly we choose them!). However, before one can study these equations, one must 
understand more precisely the nature of the two remaining coordinates, or, mathematically 
speaking, the nature of the orbit space ^/[R x U(1) D ~ 3 }. The quotient by R simply gets rid 




(40) 
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of a global time coordinate, so one is left with the quotient of a spatial slice £ by U(l) D ~ 3 . 
To get an idea about the topological properties of this quotient, we consider the following 
two simple, characteristic examples in the case dimE = 4, i.e. D = 5. 

The first example is £ = 1R 4 , with one factor of U(l) x U(l) acting by rotations in the 
12-plane and the other in the 34-plane. Introducing polar coordinates (Ri,(fx) and (i?2,<£>2) 
in each of these planes, the group shifts <pi resp. (p2, an d the quotient is thus given simply 
by the first quadrant R\ > 0, R2 > , which is a 2-manifold with two boundary components, 
i.e. the semi-axis, and the corner where the two axis meet. The first boundary component 
corresponds to places in M 4 where the Killing field ipi — d/dipi vanishes, whereas the second 
boundary component to places where ip2 = d/d(f2 vanishes. On the corner, both Killing 
fields vanish and the group action has a fixed point. The second example is the cartesian 
product of a plane with a 2-torus, £ = IR 2 x T 2 . Letting (xi,X2) be cartesian coordinates 
on the plane, and (ip 1 ,(p 2 ) angles on the torus, suppose the group action is generated by 
the vector fields ipi = d/d<pi and by ip 2 = ctd/dif2 + (3(xid/dx2 — X2d/dxi), where a, (3 are 
integers. These vector fields do not vanish anywhere, but there are discrete group elements 
leaving certain points invariant. The quotient is now a cone with deficit angle 2n/a. 

The general case turns out to be locally the same as in these examples [110, 111] (D = 5) 
[73] (general D). In fact, one can show that the quotient £/[C/(l) x U(l)} is a 2-dimensional 
conifold with boundaries and corners. Each boundary segment is characterized by a different 
pair (p, q) of integers such that pipi + qip2 = at corresponding points of £, see fig. 1. 

For subsequent boundary segments adjacent on a corner labeled by v { = (pi,qi) and 
V-i+i = (Pi+ij we have the condition 



Each conical singularity is characterized by a deficit angle, i.e. another integer. In higher 
dimensions, there is a similar result; now a boundary segment is e.g. characterized by (D—3)- 
tuple of integers v { = (vu, . . . , vm-3)i) ("winding numbers"), and the compatibility condition 
at the corners is somewhat more complicated, see the theorem below. 

In the case where E is the spatial section of a black hole spacetime, there are further 
constraints coming from Einstein's equations, and the orientability of the spacetime. The 
topological censorship theorem is seen to imply, using various methods in algebraic topology, 
that the 2-dimensional orbit space E = E/[/(l) D ~ 3 cannot have any conifold points, nor 
holes, nor handles, and therefore has to be diffeomorphic to an upper half plane E = {(r, z) \ 
r > 0}. The boundary segments correspond to intervals on the boundary (r = 0) of this 
upper half plane and are places ( "axis" ) in the manifold M where a linear combination of the 
rotational Killing fields vanish, or to a horizon. Here the Killing fields do not vanish except 
where an "axis" meets a horizon. Furthermore, with each boundary segment (zj,zj + i), one 
can associate its length lj > via the metric g (see below). 
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Figure 1: The numbers (p, q) may be viewed as winding numbers associated with the generators of 
the 2-torus generated by the two axial Killing fields. In such a torus, an [/(l)-orbit winds around 
the first S 1 generator n-times as it goes p-times around the other S^-direction. Here (qn = 1 mod p). 
The figure shows the situation for p = 3, n = 7. 




Thus, in summary, one has [74]: 

Theorem 9. ("Orbit space theorem") Let (^,g) be asymptotically flat or KK, with Ricci 
tensor satisfying the null-convergence condition. If one assumes the isometry group G = 
R x U(1) D ~ 3 , then the orbit space ^ = jG is homeomorphic to an upper half plane 
{(r, z) | r > 0}. Furthermore, the boundary r = can be thought of as divided up into 
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a collection of intervals (—00, zi), (z\, z 2 ), ■ ■ ■ , (z n , +00), each of which either represents the 
orbit space J4? = M 3 jG of the horizon (one interval per horizon component, if multiple 
horizons are present), or an axis in the spacetime where a linear combination 5^1^/0$ of 
the rotational Killing fields vanishes. The quantity Vj = (vu, . . . , V(z>-$)j) £ Z D ~ 3 is a 
vector associated with the J-th interval which necessarily has integer entries 8 . For adjacent 
intervals J and J +1 (not including the horizon), there is a compatibility condition stating 
that the collection of minors Qm £ Z, 1 < k < I < D — 3 given by 



Q 



det 



( Vk(J+l) v k i 

have greatest common divisor g.c.d.{Qki\ = 1 

Some examples in D = 5 are summarized in the following tables 
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Interval Lengths 


Vectors (Labels) 


Horizon 


Myers-Perry 


00, li, 00 


(1,0), (0,0), (0,1) 


s 3 


Black Ring 


00, li, l 2 , 00 


(1,0), (0,0), (1,0), (0,1) 


S 2 x S 1 


Black Saturn 


00, h, l 2 , h-, 00 


(1,0), (0,0), (0,1), (0,0), (0,1) 


S 3 and S 2 x S 1 


Black String 


00, li, 00 


(1,0), (0,0), (1,0) 


S 1 x S 2 


Black Di-Ring 


00, h, l 2 , h, U, 00 


(1,0), (0,0), (1,0), (0,0), (1,0), (0,1) 


2-(S 1 x S 2 ) 


Orth. Di-Ring 


00, h,l 2 ,h,h, 00 


(1,0), (0,0), (1,0), (0,1), (0,0), (0,1) 


2-(S 1 x S 2 ) 


Minkowski 


00, 00 


(1,0), (0,1) 





The explicit form of the metric may be found in [107] (Myers- Perry), [113, 32] (Black ring), 
[35] (Saturn), [79] (Di-Ring), and [81] (Orthogonal Di-Ring). The following interval structure 
would represent a "Black Lens" , respectively an exotic spherical black hole embedded in an 
ambient space containing a factor of CP 2 , if such solutions would exist: 





Interval Lengths 


Vectors (Labels) 


Horizon Topology 


Black Lens 


00, li, l 2 , 00 


(1,0), (0,0), (l,p), (0,1) 


L(p,l) 


Exotic MP 


00,^1,^2,^3,^4, 00 


(1,0), (0,0), (0,1), (1,1), (1,0), (0,1) 


S 3 



In these tables, the interval (0, 0) corresponds to a horizon. If resp. v h+1 represent the 
vectors adjacent to a horizon interval (z h , z^+i) then the parameter p = |det {v_ h _ l) y_ h+1 )\ is 
related to the different horizon topologies by: 

Note also that the first and last vector v , v N in the above solutions is always (1, 0) resp. 
(0,1). This corresponds to the fact that these 5-dimensional solutions are asymptotically 
flat in all 5 directions. For 5-dimensional solutions which are asymptotically Kaluza-Klein 
with one compactified extra dimension, the first and last vectors would be equal, e.g. (0, 1) 
and (0, 1). In general, the relationship between v ,v N and the asymptotic conditions is as 
follows. First we form the parameter p = |det (v ,v N )\. Then 



It is unique up to sign if we impose, as we will, that g.c.d.(v\j , . . . , W(d_3)j) = 1. 
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p 


Topology of M' 





S 2 x S 1 


±1 


S 3 


other 


L(p, q) 



Figure 2: The invariant p = |det (Hh-i^h+i)\ characterizes the different horizon topologies. 



p 


Asymptotic conditions 





M 3 ' 1 x T (Kaluza-Klein) 


±1 


1R 4 - 1 (Minkowskian) 


other 


M 4 '7Z P (locally Minkowskian) 



Figure 3: The invariant p = |det {vq,Vn)\ characterizes the different possible asymptotic behaviors. 



The last item in the table means that the 4-dimensional spatial slice in the asymptotic 
region is locally asymptotically Euclidean, i.e. a large sphere S 3 near spatial infinity is 
replaced by the quotient S 3 /Z p of S 3 by a discrete cyclic group. Trivial examples of such 
spacetimes are g = — dr 2 + ds 2 nstanton , where the spatial part is a suitable 4-dimensional 
gravitational instanton. These static spacetimes of course do not contain a black hole, but 
black hole spacetimes of this nature have been constructed by [18]. 

The numbers {lj} and the assignment of the labels {y_j} were also considered from a local 
perspective by [61], [59]. However, we note that, in these references, neither the condition 
that the components be integers, nor the determinant conditions for adjacent interval vectors 
and their relation to the horizon topology were obtained. Furthermore, the interval vectors 
considered in [59] have D — 2 components, rather than D — 3. 

So far our considerations have been essentially topological; in particular we have not said 
how exactly the coordinates (r, z) on ^ = ^/G are to be chosen relative to the metric 
g. The key trick, generalized from [17], is now to make a special choice using the Einstein 
equations. First, r is defined by 

r* = -det(f,;% 9 ( ^j\) (43) 

That the right side is positive, or equivalently, that the span of t, ipi, . . . , ipD-3 is a timelike 
subspace in each tangent space T x ^, is actually rather non-obvious, and global arguments 
are required to demonstrate it [20]. However, it then immediately follows that ^ inherits 
a Riemannian metric, ds 2 ,, and it furthermore follows from the vacuum Einstein equations 
that r is a harmonic function on ^# w.r.t. this Riemannian metric. It can be seen from 
this fact, together with an application of the maximum principle and the uniformization 
theorem [20], that r is a well-defined coordinate on M, i.e. that its gradient cannot vanish. 
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We may supplement r by a second, globally denned, conjugate harmonic coordinate z on ^# 

dr = * 2 dz . (44) 

Together, (r, z) then provide the desired geometrically preferred coordinate system on ^# = 
{(r, z) | r > 0}. The interval lengths Zj are defined by lj = zj + \ — zj in this special coordinate 
system. The induced metric on jtft can be written by construction as ds\ = e~ u ( r ' z ^ (dz 2 + dr 2 ) 
for some function v, because (r, z) is a conjugate pair. 

The (r, z) coordinates can then complemented by coordinates r G 1, and 27r-periodic 
coordinates tp 1 , . . . , ip D ~ 3 in such a way that the Killing fields are t = d/dr,^ = d/dip l . 
The final step is to show that the family of subspaces span(t, ipi, . . . , ^D-3) 1 " C T^M is 
integrable. This is shown via Frobenius' theorem, in combination with Einstein's equation. 
In other words, we see in this way that the metric does not have any cross terms between 
(r, if 1 , . . . , (p D ~ 3 ), respectively (r, z), and the Weyl-Papapetrou form of the metric (39) then 
follows. 

In view of generalizations to more general systems of equations, it is maybe useful to 
show exactly how integrability is proven. By the "differential form version" of Frobenius' 
theorem, we need to show that d£j- = J2j a u A where collectively denotes the D — 2 
Killing fields, identified with 1-forms using the metric. This is equivalent to 

6 A • • • A £ D _ 2 A df j = for all J. (45) 

Taking a Hodge-dual of this equation and applying d, gives, using Einstein equations, stan- 
dard identities for Killing vectors, and the commuting nature of the Killing fields, 

d * D (£1 A • • • A i D -2 A d£j) = -8tt * d A • • • A t D - 2 A T(£j)] (46) 

where T(£j) is the 1-form obtained by dotting the vector £j into one of the indices of the 
stress tensor. The right hand side of course vanishes automatically in the vacuum, but also 
e.g. for the class of theories described by (26) (assuming all the matter fields are Lie-derived 
by the Thus, we see that *d(£l A • • • A £d-2 A d£j) is a constant. But we also know 
from the above analysis of the orbit space that at least one linear combination of the £7 must 
vanish somewhere on , hence it is zero, so we are done. 

3.5 Non-linear sigma- model reduction 

The Weyl-Papapetrou form considerably constrains the metric, but it is still not well-suited 
either to the proof of uniqueness, or the generation of new solutions from old ones. For this, 
yet another set of ideas is required, namely the embedding of dimensionally reduced gravity 
models into certain non-linear sigma-models. (The oldest manifestation of this fundamental 
idea is the discovery by Ehlers [30] of a "hidden" SL(2) symmetry of the stationary ax- 
isymmetric Einstein equations.) This embedding is best described if we forget, again, for 
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the moment about the asymptotically time-like Killing vector. Then the metric (39) can be 
written in standard Kaluza-Klein form, 

g = (det f)- 1 g 3 + + A%d^ + A*) , (47) 

where is the induced line-element on the orbit space and time, ^ x R (parameterized by 
the coordinates (r, r,z)), and where each A 1 is a one- form on this space. Explicitly, 

g 3 = - r 2 dr 2 + det / e'^dr 2 + d^ 2 ) , A 1 = w i dr . (48) 

One now takes this metric and plugs it into the field equations; for simplicity we will focus on 
the vacuum case, but other cases will be discussed below in sec. 4. This gives the "Maxwell 
equation" 

d(det/-/tf*3<Ll^ = , (49) 

implying locally the existence of potentials Xi on 1 x ^ satisfying 

d Xi = 2 det/.^* 3 d^' . (50) 

These so-called "twist potentials" are in fact defined globally [74]. Following Maison [97], 
one next defines the matrix valued function $ by 

/ (det/)- 1 -(det/)- 1 ^ \ 

^-(det/)- 1 * fa + (det fr'xiXi J ' 1 ' 

The matrix $ is symmetric, positive definite, and det $ = 1. It turns out that the vacuum 
field equations are equivalent to a coupled system of equations for g 3 = ds 2 and the matrix 
field which are precisely the Euler-Lagrange equations of the action 

/ = J^R 3 * 3 1 + Itt (VM^ A * 3 $-M$) . (52) 

Here, R3 is the Ricci-scalar for the 3-dimensional Lorentzian metric g 3 on 1 x j$ . This 
is the action of a 3-dimensional gravitating sigma-model. Since $ is a real, unimodular, 
symmetric, positive definite (D — 2)-dimensional matrix, it can be written as $ = S T S for 
some real matrix S of determinant 1, i.e. an SL(D — 2) matrix. This matrix is defined up to 
S — > RS for some rotation R e SO(D — 2), so in this sense, $ may be thought of as taking 
its values in the coset manifold X = SL(D — 2)/SO(D — 2). The trace term in the action 
is precisely the standard kinetic term for the standard Riemannian metric Q on X. 

The equations of motion for the $-field are equivalent to the conservation laws of the 
dmvSL(D -2) currents J 1 = Tr (T J $ _1 d$), where T 1 are the generators of the Lie algebra 
si(D — 2). We may at this stage remember that we have another Killing vector, t, or 
equivalently, that the metric g% does not depend on the coordinate r. Using the explicit 



32 



form of this metric then allows one to write the equation of motion for the matrix field $ 
as an equation on jtft , with metric ds 2 , = e~ u (dr 2 + dz 2 ), i.e. an equation in r,z alone. 
Explicitly, this is 

^d(r * 2 J 1 ) = d z {§- l d z <&) + -0 r (r$ -1 d r $) = . (53) 

The remaining Einstein equations for the sigma model action / for the metric then give 
an equation for v. Since the equations for the currents are independent of u, it follows that 
the sigma-model equations are decoupled from this equation. The two sets of equations 
can hence be solved successively. Finally, once we have z/, <3>, we can get = dr by 
inverting eq. (50). In this way, we can in principle solve for all unknown functions in the 
Weyl-Papapetrou form (39). 

The sigma-model formulation of the Einstein equations has several important uses. For 
us, the most important one is that one can obtain "divergence identities" that play a key role 
in the proof of the uniqueness theorem, see the next subsection. However, another important 
consequence of the sigma model formulation is the possibility to generate new solutions from 
old ones. A simple but powerful way to do this is to apply to a $ representing a given solution 
a similarity transformation R$>R~ l , where R is any constant rotation matrix. Since such a 
transformation is a symmetry of the action, we get a new solution, which, because the 
and Xi components of $ are mixed, will in general differ non-trivially from the original one. 
This type of transformation gives a group action of SO(D — 2) on the space of solutions. A 
less obvious fact is that this group can be enhanced to to the infinite-dimensional "Geroch- 
group". For 4-dimensions, a the sigma-model perspective on this construction [51] may be 
found in [15], but the same arguments should go through in D-dimensional vacuum gravity as 
well. A related feature of the equations (53) is that solutions may be generated by the same 
sort of techniques ("inverse scattering method") developed originally for the Sine-Gordon- 
and KdV-equations. For a detailed explanation how to apply such techniques, we refer to 
the textbook [8]. While such techniques have been widely and successfully applied to obtain 
highly non-trivial higher dimensional metrics, an unpleasant feature of all solution generating 
techniques is that, starting from a given regular, say asymptotically flat, stationary black 
hole solution, the newly generated solution may neither be regular, nor asymptotically flat, 
nor even describing a black hole. 

To see more clearly the relationship between regularity and the global considerations 
about the orbit space made in the previous subsection, in particular the "interval struc- 
ture" , suppose we have a given single black hole solution characterized by a general interval 
structure: 



Interval Lengths 


Vectors (Labels) 


oo, h, . . . , lh, ■ ■ ■ ,In, oo 


2Zo> • • • > Q) • • • > Uni Hn+i 



Here, lh corresponds to the horizon interval (zh, z h+i) on the boundary of (r, z)-space. Now, 
recall that the integer vectors v j tell us which linear combination v Ji' l Pi = vanishes at 
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the axis represented by the respective interval. Hence, we must have at the J-th interval 

z G (zj,z J+1 ): 

Y^fi3(r = 0,z)vij = 0. (54) 

i 

Also, one can see that the potentials \% are constant along the boundary r = 0, except at 
the horizon interval. The change of Xi across the horizon interval can be shown to be given 
by 

1 



(2tt)^- 4 X ,(r = 0,z) 



Zh + \ 



Ji , (55) 



where Ji is the angular momentum for the rotational plane of the z-th rotational Killing field 
ipi, expressible as 

Ji = — / -kDdtpi . (56) 

These conditions on fij,Xi, an d hence <3>, can be thought of as Dirichlet type boundary 
conditions at r = 0. However, these boundary conditions alone do not guarantee that the 
corresponding spacetime metric (39) is smooth along the axis or the horizon. For this, one 
needs further conditions. On each interval z G (zj, zj+i) representing an axis, and can 
relatively easily see that it is required that 

lirnr-V^ £ &(r, z)v tJ v 3 j = 1 , (57) 

to avoid a conical singularity ("strut") in the spacetime metric (39). On the horizon interval 
z G (zh, Zh+i), we need instead (see Appendix of [74]): 

lime^det/^z)" 1 = k 2 , (58) 

i — >o 

where k is the surface gravity of the horizon, again, to avoid a conical type singularity. These 
conditions may be thought of, coarsely speaking, as constraining the "normal derivative" of 
the fields f\j, Xi, hence on the boundary r = 0. Since one is normally not free to impose 
both Dirichlet type and Neumann type boundary conditions simultaneously, this explains 
intuitively the difficulty in obtaining regular solutions via the solution generating techniques. 
Also note that, even if we do satisfy these conditions, they will not imply that the metric is 
smooth, but only that the curvature is continuous. To get smoothness, one would effectively 
have to control the full asymptotic expansion of the fields $ near r = 0. Another, related, 
difficulty is to control the asymptotic conditions for r — > oo in order to obtain a metric g 
with the desired asymptotic behavior near infinity. 



3.6 Divergence identities 

The last step towards black hole uniqueness in the stationary case are "divergence identities" . 
The idea behind such identities is actually quite simple, and is very easily explained for the 
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toy example of a single scalar field, 0, with strictly convex potential, V(0), on a bounded set 
fl in N- dimensional Euclidean space M . Such a field is described by the action 

S = Jf^fad^ + V^)) d N x. (59) 

Consider two solutions fa, fa to the corresponding Euler Lagrange equations and define the 
"current" j l = (fa — fa)d l (fa — fa). Taking a divergence of the current and using the 
equations of motion, one has 

dj = di(fa - fa)d\fa - fa) + (0! - fa)( V(fa) - V{fa) ) > , (60) 

where the key > relation follows from the fact that V'(fa) — V'(fa) has the same sign as 
4>i — fa for a convex potential. Now let it be the normal to dfl, and assume that fa = fa on 
dQ (Dirichlet conditions), or alternatively, that <9 n 0i = <9 n 02 on dQ (Neumann conditions). 
Either condition implies that n l ji = on dVL, so if we integrate the above equation over Q 
and use Gauss' theorem, we get the relation 

= / di(fa - fa)d\fa - fa) + {fa - fa)( V(fa) - V(fa) )d N x . (61) 
Jn 

However, the integrand is > 0, so it must be equal to zero. Thus, we conclude that fa — fa 
is a constant, and since V is strictly convex, that constant must vanish. Thus, the solution 
is unique with either Dirichlet- or Neumann boundary conditions. 

In our case, we do not have a single scalar field with a convex potential, but we have 
a field $ without potential valued in the curved target space X = SL(D — 2)/SO(D — 2), 
satisfying the sigma-model equations given in the last section. What replaces the convexity 
condition on the potential V in this case is that the metric Q on the target space X has 
negative sectional curvature. There are actually several ways to take advantage of this and 
thereby to generalize the above divergence identity idea to this case, but they all rely, directly 
or indirectly, on this fact. The first construction, the so called "Mazur identity" [101], is 
the more explicit one, and relies on the coset structure of the target space X. It works as 
follows. 

a) Mazur identity: We first define an expression representing the "difference" between 
the two metrics gi,go in the form (39), represented by the symmetric, positive, uni-modular 
matrices $i, $ - One possibility is to choose 

a := Tr($o 1 $ 1 - /) . (62) 

Let Ji = <D~ 1 d ( Dj be the matrix currents as in the previous section, and let iV be the matrix 
valued 1-forms defined by 

N = S^(J 1 -J ) T S , (63) 
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where Si are real matrices such that = S i Sf. Then a calculation using the equations of 
motion for $ , gives Mazur's identity 

- * 2 d(r * 2 dcr) = Tr(X T • N) > , (64) 
r 

which is a divergence identity of the same nature as above, having again — very importantly — 
a non-negative term on the right side. The domain in question is the upper half plane 
Q = ^# = {(r, z) | r > 0}, with * 2 referring to the standard flat Riemannian metric on this 
space. The divergence identity may now be exploited, in principle, in the same way as for 
the scalar field case above, by integrating it over Q. The aim is to show that the boundary 
term arising from the left side vanishes identically, which then immediately gives N = in 
Q. The last fact is furthermore relatively easily seen to give $i = $o> which, as is described 
in sec. 3.7, in turn implies that the metrics g\ and go are the same. 

However, there are a number of important differences to the simple scalar field example 
that need to be taken into account here. These have to do with the facts that (a) the domain 
Q is not compact, and (b) the singular nature of the boundary conditions to be considered 
at dQ = {r = 0}. For point (a), one needs to understand more precisely the asymptotic 
conditions satisfied by $j for r, z — > oo-here asymptotic expansions need to be made — and 
for (b) one has to understand the behavior of $j near the boundary r = [74]. We will 
discuss these issues in the next section 3.7. 

Another approach, used by Bunting [12], exploits the properties of harmonic maps in 
negatively curved target spaces. 

b) Bunting's method: Unlike Mazur's identity, this method does not use the explicit 
representation of X as a coset manifold, but it uses only that the metric Q = — Tr($ _1 d$ <g> 
$ _1 d$) on X is Riemannian and has negative sectional curvature. By this, one means 
the following. Let IZabcd be the Riemann tensor of Gab- The Riemann tensor is always 
anti-symmetric in AB and CD, and symmetric under the exchange of AB with CD. Thus, 
it can be viewed as a symmetric, bilinear map Riem : A 2 T$X x A 2 T$X — > R in each 
tangent tangent space of X. We say that (X, Q) has negative sectional curvature (or simply, 
is "negatively curved") if this bilinear form only has negative eigenvalues. In other words, 
there is a A > such that, for any anti-symmetric 2-tensor u we have Riem(u, u) < — A||o;|| 2 , 
or in components, 

K ABCD uj Ab uj cd < -X GacQbduj Ab uj cd . (65) 

This condition replaces the condition of strict convexity for the potential in the above scalar 
field example. It implies, but is much more stringent than, that the scalar curvature 1Z < 0. 
Let d : XxX — > M be the geodesic distance function on X, and define d(x) = <i($i(x), $ (x)), 
x G ^ = {(r, z) | r > 0}. Then from the equations of motion (53) for $o ; "^l; there follows 
the inequality 

- * 2 d(r * 2 dd) > , (66) 
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which is a version of the known [85] fact that the distance function between harmonic maps 
into a negatively curved target space is sub-harmonic. The origin of this identity can be 
motivated as follows. Suppose <E>t : Q — > X is a family of solutions to the equations of 
motion (53), and let <5$ = t|$£ : £1 — > <&* t TX be the linearization at any fixed t, interpreted 
as the infinitesimal displacement of the 2-dimensional "worldsheet" in X swept out by $t. 
Then, one can derive from the sigma-model field equation satisfied by each $ 4 = $ the 
following equation for 5Q t = 8®'- 

- * 2 V(r * 2 V5$ A ) = n A BCD ^) (d$ B ) • (d$ D ) 5$ c . (67) 
r 

Here V is the natural derivative operator in the bundle $*TX — > Q that is inherited from the 
derivative operator of the metric Q on X. This equation may be viewed as the generalization 
of the "geodesic deviation equation" in X from curves to surfaces, with t i— > $ t playing the 
role of a 1-parameter family q(A) of geodesic curves in X interpolating between two curves 
co,ci, with 5<& t playing the role of the displacement vector field v t = 5c t = jLct of the 
family, with d$t playing the role of dct/dA, and with Q playing the role of the proper length 
parameterization of the curve c(A): 

Now assume that [0,1] 3 t i->- <fr t connects 9 two given solutions $o> $1 of the sigma model 
equations. Define 

S ($o,$i)(x) := / (g AB ($ t )8<S>?5<S>? ) (ar) df . (69) 
Jo 

Then it is straightforward to derive from eq. (67) the following formula 

- * 2 d(r * 2 ds) (70) 

r 

1 



> 



dt (^b(^) V5$? ■ V5$f - ft^c^t) {S$?d$°) ■ (5$ f d$f )) 
jf dt V5$ f ■ V<5$f + A Q abQc d (^! A d$f ] ) • (5$[ s d$f ] )) > 



where to get the key > relations we have used (a) that the target space is Riemannian, 
and (b) that it is negatively curved. Note the close analogy between this equation, and the 
Mazur identity (64), and (66). Either identity can be used to show that the solutions $0; $1 
are equal, by integrating over Q. Then, if one can show that the surface term from the 
left side vanishes, so does V5§f, from which one then concludes that 5&t = 0, i.e. $t is 
independent of t and hence $0 = 



3 The implicit assumption is that the space of solutions is connected. This is not required for (66). 
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However, note that the method based on (66) is potentially more generally applicable 
than Mazur's identity because it only uses that X is a negatively curved manifold, whereas 
Mazur's identity essentially uses the fact that X = SL(D — 2)/SO(D — 2) is a symmetric 
space of "non-compact type" 10 . While this is a sufficient condition for X to be negatively 
curved by general results of symmetric spaces of non-compact type [65], it is not a necessary 
condition. It can be very complicated, and requires considerable creativity, to find a coset- 
space parameterization of this nature for the target space X (see below sec. (4)) in more 
general Einstein-matter systems. On the other hand, it is essentially a mechanical task to 
check whether or not the target space metric is negatively curved. Thus, it appears that 
Bunting's method has some potential advantage of Mazur's method in this regard. 

3.7 Uniqueness theorems for rotating stationary black holes 

We can now combine the results in the previous subsections and state a uniqueness theorem 
for higher dimensional rotating, stationary black holes in vacuum general relativity. To 
prove this uniqueness theorem, one needs to assume the existence of D — 3 Killing fields 
ipi, . . . ,ipD-3 generating an isometric action of U(1) D ~ 3 on the spacetime. Note that this 
is very likely non-generic; the rigidity theorem is consistent with having only a single U(l) 
factor. One also assumes that the spacetime is asymptotically Kaluza-Klein, in the sense 
described in sec. 3.1. 

Theorem 10. ("Uniqueness theorem for rotating Kaluza-Klein black holes" [74]) There can 
be at most one stationary, single horizon, vacuum, non-extremal, asymptotically Kaluza- 
Klein spacetime (*/#, g) with s = 3, 4 or 5 large dimensions, with D — 3 axial Killing fields, 
satisfying the technical assumptions stated in sec. 3.1, for a given interval structure {vj, h} 
and a given set of angular momenta {Ji},i = 1, . . . , D — 3. 

This theorem is essentially the only uniqueness theorem of this generality known for sta- 
tionary black hole solutions in higher dimensions, although the argument can presumably 
be generalized to other theories of the type described below in sec. 4. For antecedents of the 
theorem in 5-dimensions see [106] (trivial topology and horizon S 3 ) and [73] (arbitrary inter- 
val structure). It is not hard to generalize the theorem to black holes with multiple horizons. 
In that case, one has to specify separately the angular momenta Ji{Bj) = l/8n f B .*D<l£,i 
for each connected component of the horizon. 

In D = 4 with no extra dimensions, the only non-trivial interval structure for a single 
black hole spacetime is given by the intervals (— oo, —z ], [—z , z ], [z , oo). The middle in- 
terval corresponds to the horizon, while the half-infinite ones to the axis of the rotational 
Killing field. The interval vectors {v t } are 1-dimensional integer vectors in this case and 

10 By this one means a triple (G, H, r), where r is an involution on the non-compact Lie-group G, and where 
H is a maximally compact subgroup invariant under r. In the present example, r is given by r(g) — (<? _1 ) T - 
Mazur's identity can be generalized to any such symmetric space, as described in the original paper [101]. 
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hence trivial. For each zq > and for each angular momentum J, there exists precisely 
one solution given by the appropriate member of the Kerr-family of metrics. Thus, one 
finds that the Kerr metrics exhaust all possible stationary, axially symmetric single black 
hole spacetimes (satisfying the technical assumptions stated in sec. 3.1). This is of course 
just the classical uniqueness theorem for the Kerr-solution [12, 17, 101, 119, 62], see [20, 21] 
for a coherent exposition straitening several technical issues [see also [21]]. The mass m 
of the non-extremal Kerr solution characterized by z , J is related to these parameters by 
Zq = ^Jm 2 — J 2 /m 2 > 0. Hence the uniqueness theorem could be stated equivalently in 
terms of m and J, which is more commonly done. Note that the length of the horizon 
interval, lh = 2zq tends to zero in the extremal limit, in accordance with (71). 

In higher dimensions, one may similarly derive relations between the interval structure 
and angular momenta on the one side, and the other invariants on the other side for any 
given solution. For example, the relation between the length of the horizon interval lh, the 
horizon area Ah, and the surface gravity is always [74] 

(2ir) D ~ 3 l h = KA h , (71) 

Other formulae of this nature are provided for the Myers-Perry or black-ring solutions e.g. 
in [59], but they are not expected to be universal. Of course, for most interval structures it 
is not known whether there actually exists a solution, so in this sense much less is known in 
higher dimensions than in D = 4. 

Outline of proof of thm. 10: We have already presented individually most of the pieces of the 
argument, and we now put them together. Suppose one has two spacetimes (-#i, gx), (^#2, #2) 
as in the theorem. Since the interval structures determine the topology as well as the nature 
of the action of the isometries by the "orbit space theorem", these must coincide for both 
spacetimes, so *4C\ = ^# 2 - Next, by the "Weyl-Papapetrou theorem", one can introduce 
coordinates (39) in both spacetimes, which give rise to sigma model fields $i,$2 ori the 
upper half plane {{r, z) \ r > 0}. Next one uses the Mazur identity (64). It is technically 
convenient to rewrite this equation as follows. Introduce an auxiliary M 3 with coordinates 
(x,y,z), related to the upper half space coordinates by (x,y,z) = (r cosip, r sin <p, z). Then, 
view as cylindrically symmetric functions on this M 3 \{r = 0}. The Mazur identity implies 

{dl + d 2 y + d 2 z )a > . (72) 

The key point is now to understand the behavior of a, eq. (62), near the "z-axis" {r = 0} of 
IR 3 . Here, one uses again the interval structure, together with the boundary conditions (54), 
and the information about the angular momenta, together with the jump relation (55). One 
can show from this that a is uniformly bounded. That part of the analysis is actually by 
far the most tedious one, since a can have a priori very direction-dependent limits along 
the z-axis, due to the fact that the Weyl-Papapetrou coordinates r, z give a very distorted 
perspective on the true spacetime geometry there. Therefore these limits, and that at infinity, 
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need to be investigated with a certain amount of care, but in the end one finds that a is 
uniformly bounded. It also follows from the definition (62) that o > 0. Now one can apply 
Weinstein's lemma [133], which is a version of the maximum principle: 

Lemma 1. ("Weinstein's lemma") Let <j(x, y,z) > be a continuous function on M 3 \{r = 0} 
which is a solution to + dy + d^)a > 0, in the distributional sense, and which is uniformly 
bounded by a constant. Then a = 0. 

Once we know that a = 0, we can derive that $i = $2, and that the remaining functions 
v, w l in the Weyl-Papapetrou form also coincide for both metrics. 

3.8 Uniqueness for non-rotating (static) black holes 

While the uniqueness theorem for rotating higher dimensional black holes given in the pre- 
vious subsection required by-hand assumptions about the isometry group which are most 
likely not generic, the situation is much better with regard to non-rotating stationary black 
holes, as we will explain in this subsection for the case of vacuum relativity. 

First, in the non-rotating case, one can apply the staticity theorem of Sudarsky and 
Wald [126], which straightforwardly generalizes to any dimension: 

Theorem 11. ("Staticity theorem") Let (^,g) be a smooth, asymptotically flat non- 
rotating, non-extremal black hole satisfying the vacuum Einstein equations. Then (^(, g) is 
in fact static, i.e. the Killing vector field t is surface orthogonal t A dt = 0. 

Remark: Versions of the staticity theorem also exist in other theories such as Einstein- 
Maxwell-Dilaton [123], and also to Einstein- Yang-Mills theory under certain assumptions 
about the electric/magnetic charges of the fields [126]. 

Once one knows that the spacetime is static, one can analyze its uniqueness properties by a 
method that is entirely different from reduction to a sigma-model described in sec. 3.5. This 
method is more powerful-albeit restricted to the static case-in that one does not have to 
know, a priori, that the spacetime has any other symmetries apart from time-translations, 
and one can also completely bypass the topology and rigidity arguments that are a prereq- 
uisite in the stationary case. The theorem is [77, 54, 53]: 

Theorem 12. ("Uniqueness of static black holes") An asymptotically flat (in the standard 
sense) static, vacuum black hole with non-degenerate event horizons in any dimensions D > 4 
is isometric to the Schwarzschild-Tangherlini metric. 

Remark: In 4-dimensions, one can remove the condition that the event horizon has no 
degenerate components [24]. For the higher dimensional case, the non-existence of such a 
static, vacuum degenerate black holes has been discussed [24] but not proven yet. 



40 



The theorem has been established first in D = 4 by Israel [84]. Later, Bunting and Masood- 
ul-Alam [13], invented an ingenious method based on a clever use of the positive mass theo- 
rem. However, both proofs used some geometric properties that hold only in 4-dimensions; 
the proof by [84] applies the Gauss-Bonnet theorem, while the proof of [13] uses special prop- 
erties of the Weyl-Bach tensor in low dimensions. It is therefore not a straightforward task 
to generalize the proof of either [84] and/or [13] to higher dimensions. The proof by [77, 52] 
is based on [13], and it bypasses the use of the Weyl-Bach tensor using properties of special 
surfaces in M. n . 




That proof may be summarized as follows (see also [78]): 

1. First, one constructs a complete Riemannian manifold E with an asymptotically flat 
metric h. This is done by taking a spatial slice (E, h) of the spacetime, eq. (5), or- 
thogonal to the orbits of the Killing vector field, t = d/dr, with <9E = B, and then 
doubling (E, h) across the horizon cross section B and gluing a copy E onto E along B. 
Then, one performs a conformal rescaling from htoh = Q 2 hon the doubled spacetime 
S = SUS, with Q chosen in such a way that f2 — > 1 near the spatial infinity io of E, 
and SI — ?• near the spatial infinity io of E, and adds a single point to E to cap off io- 
Hence, the slice E only has one asymptotic end, i , see the above figure. 

2. The next step is to show that (E, h) is flat Euclidean space. This is done by an 
appropriate choice of the conformal factor Q, the asymptotic flatness of the original 
metric h, and the use of the positive energy theorem. To make this work, Q must 
be chosen to make the scalar curvature R of h non- negative. To start, note that the 
condition of the asymptotic flatness implies: 

N = 1 -^3+°(^ ( ^ 2) ). ("J 
h = ( 1 + U^3^)* + 0( '' HD " ,) (74) 
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as in eq. (5). Now, choose the conformal factor Q = {Q + on E, 0_on E} by 



1±JV\ 



2/(D-3) 



■ (75) 

Then, asymptotic flatness, eq. (74), translates in terms of the rescaled metric h into 

h = 5 + 0(r- (D - 2) ) , (76) 

implying, very importantly, that the mass M of (E, h) is zero. One can also check 
that with the choice eq. (75), the scalar curvature of h on E is non- negative, and 
that it is sufficiently regular across B in order to be able to apply the positive mass 
theorem [134, 125, 57], which states that: 

Theorem 13. Consider an n-dimensional, complete, spin 11 , Riemannian manifold, 
(E, h) with asymptotically flat end, i.e., Euclidean outside a compact set and the 
metric decays as in eq. (74). If the scalar curvature of h is non-negative, then the 
ADM mass of (E, h) is also non-negative. Furthermore, if the ADM mass vanishes, 
then (E, h) is isomorphic to flat space (lR n , 5). 

By the positive mass theorem, we conclude that h is flat, and hence that h is confor- 
mally fiat, i.e. h = tt~ 2 5, and we also conclude that E = M D_1 , i.e., E = M D_1 \ BH, 
where BH is a compact manifold with boundary B. We also know by construction 
that the lapse function N is determined by the conformal factor Q via eq. (75). Thus, 
(E, h, N) will be unique if we can show that fl is uniquely specified. 

3. One shows that f2 is unique. Introducing u± := £l± , one shows that the Laplace 
equation holds on the flat base space IR D_1 , 

Au± = , (77) 

where A is the ordinary flat space Laplacian for the metric 5. The boundary condi- 
tion at infinity r — » follows from the conditions of asymptotic flatness on (E, N, h), 
eq. (74). The boundary condition at B follows from the fact that B represents a hori- 
zon, eq. (75), which gives N = on B. These conditions together with the Laplace 
equation uniquely determine u±, hence Q, once we know exactly what the nature of 
the boundary B in our flat base space is. 



n The requirement that E be spin is not needed in dimensions n — 3 because the technique of [134] docs 
not require spinors. A generalization of that argument to dimensions less than n = 8 is also available, so up 
to that dimensions, we do not need a spin structure. In higher dimensions, the proof of the theorem is based 
on the Witten spinor method, and therefore only works for spin manifolds. 



42 



4. The final step is to show that the inner boundary B is a spherically symmetric hy- 
persurface in the base space R D_1 . It is then straightforward to show that the unique 
solutions h and N coming from eq. (77), which also must respect the spherical symme- 
try, in fact correspond to the lapse function and the spatial part of the Schwarzschild 
metric in isotropic coordinates. At this point, it becomes relevant what the spacetime 
dimension is. In the 4-dimensional case, spherical symmetry can be shown using the 
fact that Weyl-tensor of 3-dimensional space vanishes. This argument does not work 
in the case in D — 1 > 4. However, in any dimension, the vacuum Einstein equation 
implies that the lapse function N is harmonic on (E,h), from which one can argue, 
using the maximum principle, that it is possible to take N as a coordinate, so that 

h = p 2 dN 2 + -f ab dx a dx b (78) 

where the function p has been introduced so that the one-form pdN, normal to each 
iV = const, level surface with the metric 7 a fc, is normalized with respect to the metric 
h, and the trajectory of the coordinates x a on level sets of N are orthogonal to each 
level set. The level set N = corresponds to the bifurcation surface B of the horizon. 
The regularity of g and the bifurcate surface property implies that B must be totally 
geodesic in S, i.e., the extrinsic curvature k of B as an embedded (D — 2)-hypersurface 
in £ must be zero. Using this result, one can show that the conformally transformed 
B viewed as a surface in (£,<5) must be totally umbillic, i.e., k a b oc ^ a b- Then, one 
can appeal to a well-known mathematical result that a totally umbilical embedding 
of (n — l)-surface into n-dimensional Euclidean space is spherical [88]. Thus, each 
connected component of the horizon B has been shown to be spherically symmetric. 
One can also show that B must be connected, therefore B is metrically a sphere 
in (R 15 " 1 ,^). As we have already seen, this implies that {N,h) coincide with the 
corresponding quantities in the Schwarzschild spacetime. 

3.9 Extremal black holes and their near horizon geometries 

The uniqueness theorems discussed so far make the assumption that all components of the 
event horizon be non-degenerate. There are, however, a number of known exact solutions 
with degenerate (extremal) event horizon. It is interesting to know to what extent these 
solutions are unique. 

a) Rotating case : The uniqueness proof for rotating black holes proceeds, as in the non- 
degenerate case, by reducing the problem to a boundary value problem for harmonic 
maps, using either Mazur's or Bunting's method. As in the non- degenerate case, 
the last step is to analyze boundary conditions for those harmonic maps on the two- 
dimensional orbit space = {(r, z) \ r > 0}. One of the boundary conditions is 
imposed at the horizon interval on the boundary r = 0. However, a new feature arises 
when the horizon is the degenerate type, because the corresponding interval shrinks 



43 



to a single point according to (71). This means basically that the Weyl-Papapetrou 
coordinate system is very ill-adapted to resolve the geometry near the horizon, and 
some sort of "blow up" is required at this point in order to analyze the boundary 
behavior for the harmonic maps there. 

In 4-dimensions, uniqueness theorems for extremal Kerr and extremal charged Kerr 
black holes have been shown recently by [23, 3, 37]. The key new element in these 
proofs is a uniqueness result [58, 96, 92] that the near-horizon geometry for a degenerate 
Killing horizon of any stationary axisymmetric vacuum spacetimes with given mass 
and angular momentum must agree with that of the extremal Kerr metric [7]. The 
near-horizon geometry is obtained by an infinite scaling of the horizon neighborhood, 
which, loosely speaking, achieves the desired blow up at the horizon, and which makes 
it possible to understand the relevant boundary conditions for the sigma-model fields 
at the degenerate horizon. (A more detailed description of this scaling is given below.) 
A similar uniqueness result also holds for the extremal electrovacuum black hole case. 
It is possible also in D > 5 dimensions to classify the near horizon geometries under the 
type of symmetry assumption as in our uniqueness theorem 10, see below. However, 
these results alone do not suffice for a proof of an analogue of our uniqueness theorem 10 
in general dimension, because it is unclear in general dimension how the parameters 
of the weighted orbit space, {lj} and {v_j}, are related to the parameters of the near 
horizon geometries. A result in this direction in D = 5 is Theorem 2 of Ref. [37], stating 
that the interval structure can be used to uniquely determine extremal vacuum black 
holes in 5-dimensions, (as well as near-horizon geometries) under similar assumptions 
of the uniqueness theorem of [73]. In general dimensions, however, this remains an 
open problem. 

b) Static case : As shown in [19, 24], there are no asymptotically flat, static vacuum black 
holes with degenerate components of the event horizon. This analysis has been gener- 
alized to include Maxwell field [25] by using properties of the near-horizon geometry. It 
was shown that the Majumdar-Papapetrou spacetime is the only asymptotically flat, 
static electro-vacuum black hole spacetime with degenerate components of the event 
horizon [24]. See also Ref. [121, 122] for related work. Static near-horizon geometries 
in 5-dimensional Einstein-Maxwell theory with Chern-Simons term have been classified 
[93]. 

c) Supersymmetric black holes are extremal and their classification is discussed below in 
sec. 4. 

As we have explained in (a), the concept of near horizon geometry has a potential signifi- 
cance in proving uniqueness of higher dimensional black holes in a situation wherein one has 
the amount of symmetry described in our uniqueness theorem 10. However, as we have also 
emphasized several times already, these symmetry assumptions are most likely non-generic 
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(other than in D = 4). Therefore, as a stepping stone towards a classification of extremal 
black holes having less symmetry, one might at first look at the corresponding classification 
of their near horizon geometries, which are simpler, i.e., more symmetric. Let us therefore 
describe what a near horizon geometry actually is, what the corresponding equations are, 
etc. 

Near Horizon Geometries: Let (^#, g) be an extremal vacuum black hole spacetime with 
Killing horizon 3% \ and Killing vector field K tangent to the null-generators of 34?. (In the 
non-extremal case, the existence of K automatically follows from the stationarity assumption 
by the rigidity theorem, in the extremal case, the rigidity theorem is not quite as powerful as 
yet, see the discussion in sec. 3.2.) Now write the metric near 34? in Gaussian null-coordinates 
as in eq. (14). As argued there, we may assume that, in Gaussian null coordinates, K = 
d/du = n. Then, none of the tensor fields 7 in (14) depend on u, but only on r and 
the coordinates x a on the horizon cross section B. From eq. (15), and the definition of the 
surface gravity, eq. (7), it follows that a = on 34? in the extremal case. Hence, a can 
be written as r times a smooth function, which by abuse of notation we shall call a again. 
In summary, in the extremal case, the metric in an open neighborhood of a Killing horizon 
(r = 0) can be assumed to take the form 



None of the tensor fields depend on the coordinate u. Consider now for small e > the 
diffeomorphism e mapping a point with coordinates (r, u, x a ) to the point with rescaled 
coordinates (er,u/e,x a ). The near horizon limit go is defined by the limit, as e — > 0, of 
the family of metrics g e = <p*g. It is concretely given by the same formula as (79), but 
with the tensor fields a,/3, 7 replaced by their restriction to the horizon cross section B, i.e. 
r = 0. In other words, these tensor fields now no longer depend on r (and not on u either). 
By construction, the near horizon limit is a vacuum solution. The infinite rescaling means 
that Einstein's equations reduce to the lowest order in r contribution to eqs. (3.2) (and the 
remaining components). Concretely, they are in the vacuum 



Thus, the near horizon geometry limit has drastically reduced the complexity of the field 
equations: we 'just' have to solve the above two equations for the tensor fields a, (3, 7 on the 
compact (D — 2)-dimensional horizon cross section manifold B. Furthermore, a is absent 
from the first equation, which we may therefore solve first, and then trivially use the second 
equation to determine a. 



g = 2 dw(dr - r 2 a du - r(3 a dx a ) + ^ ab dx a dx b . 



(79) 



= R ab (l) - 2 ^To6 - 2 PaPi , 

= 2 a + X - f3 a (3 a + \ D a f3 a ■ 



(80) 
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Unfortunately, it is still by no means a simple task to solve the near horizon equations, 
and a complete classification of solutions for an arbitrary compact manifold B (or at least 
a class of such manifolds) is not available at present. Besides the known solutions that can 
be obtained from concrete extremal black holes such as Myers-Perry, an infinite class of 
solutions was recently obtained by [94] for even dimensions D. These authors use an ansatz 
for 7, /3 in terms of a (D — 4)-dimensional compact Kahler-Einstein base space (inspired by 
the concrete form of the near horizon Myers- Perry solution), which is the basic input into 
their metrics. The near-horizon equations can then be solved by integrating certain ordinary 
differential equations. Since a wide variety of compact, even-dimensional Kahler-Einstein 
manifolds is known, this produces a correspondingly wide class of solutions to the near 
horizon equations (80), some of which have a very low amount of symmetry (the authors 
also admit a cosmological constant, suppressed in (80)). Consequently, for most of their 
solutions, it is not known whether they actually arise from a full-fledged extremal black 
hole, or not. 

Another approach to the classification of near horizon geometries is to assume, from the 
outset, a comparable amount of symmetry as in our uniqueness theorem for non-extremal 
black holes, thm. 10. Thus, we assume by hand the existence of D — 3 additional Killing fields 
ipi, . . . , generating an isometric action of f/(l) D ~ 3 on spacetime. We may assume that 
these Killing fields are tangent to the cross section manifold B, so a, (3, 7 are Lie-derived by 
these Killing fields. What is the total isometry group of such a near horizon metric? From 
the outset, we assumed the Killing field K = d/du, but, after the near horizon limit, we 
obtain the additional Killing field X = —u d/du + r d/dr which generates the rescalings <p e . 
Together, K, X generate a 2-dimensional Lie-group G2 which is isomorphic to the semi-direct 
product of translations and dilatations of the real line. So, the total, manifest, isometry group 
of (79) with our assumptions is G2 X U(1) D ~ 3 . 

It is surprising that Einstein's equations imply that the full isometry group is actually 
even bigger and in fact enhanced to SL(2) x £/(l) D ~ 3 , where SL(2) contains G2 [91]. The 
origin of this symmetry enhancement can be explained as follows. Letting = gfy^ijij) as 
above, a coordinate — 1 < x < 1 is introduced by demanding the metric 7 can be written as 

7 = -^^j dx 2 + /y(x)d¥>V , (81) 

where C > is a constant. Geometrically, x is a coordinate parameterizing the orbit space 
B /U(1) D ~ 3 = [—1, 1]. The 27r-periodic coordinates tp 1 have also been introduced in such a 
way that ipi = d/dip % . It is next shown that there is a function A on B (effectively of x) such 
that 

= dA + Ce x hd^ , (82) 
where we have introduced the scalar functions 



kj : — C e i-ipjfi 



(83) 
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The next coordinate, p, is defined by 

p := re x , (84) 

and we keep u as the last remaining coordinate. The coordinates (ip l , p,x,u) are the desired 
geometrical coordinates. The Einstein equations now impose relations between the various 
functions kj, a, A, fij, [91]. Namely, one finds that k l = f l -*kj are simply constants, and that 
2ae~ x — e x kik l is a negative 12 constant, which one may choose to be — C 2 after a suitable 
rescaling of the coordinates p, u and the constants k % , and by adding a constant to A. The 
Einstein equations are seen to further imply that e~ A = (1 — x 2 )(det These conditions 
then imply together that the near horizon metric is given by 

1 7*2 Ht 2 

9o = ^y^y (2dudp - C 2 p 2 du 2 ) + C 2 detf{x) + f tJ (x)(d<p i + pCV du) ( V + pCh? du) (85) 

where k % , C are constants. The SL(2) symmetry now arises because the first term in paren- 
thesis is just the metric of A0IS2, with isometry group SL{2) [91]. The Ad^-factor plays a 
crucial role in string theory analyses of black hole entropy of extremal black holes. 

The functions fij{x) and their relationship to the constants k l ,C still have not been 
determined, but it turns out that this can also be done, making use of the sigma-model 
formulation explained in sec. 3.5 (the coordinates x,p turn out to be closely related to the 
Weyl-Papapetrou coordinates r, z in thm. 8). This final step was carried out in D-dimensions 
in [70], using earlier work of refs. [92, 93, 36]. 

To state the result, we must remember that, by the orbit space theorem 9, at each point 
x = ±1, there exists an integer linear combination of the vectors ipi which vanishes. The 
coefficients in these two integer linear combinations make up two vectors a + := v h __ l ,a_ := 
y_ h+1 G Z D ~ 3 , which are the "winding numbers" of the intervals adjacent to the horizon 
interval in the orbit space theorem. The classification theorem is then [70]: 

Theorem 14. All smooth, non-static, near horizon metrics with D — 3 commuting Killing 
fields generating U(1) D ~ 3 are parametrized by real parameters c±,pi,sn, and the integers 
a± where I — 0, . . . , D — 5 and i — 1, . . . , D — 3, and g.c.d^a^) = 1. The explicit form of 
the near horizon metric in terms of these parameters is 

g = e- x (2dudp-C 2 p 2 du 2 + C- 2 d9 2 )+e +x ^(c + -c_) 2 (sm 2 9)n 2 

+(1 + cos efc 2 + y(uj- ^±n) 2 + (1 - cos efc 2 y(u z - '^^n) * 

1 V p-a+ J <Y V p-a- ) 



ci sin 2 ^ 
4 ! 



y ({si ■ a±)uj - {sj ■ a±)w/) > . (86) 



12 Here one must use that the metric is not static, i.e. that not all k % vanish. 
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Here, x = cos#, the sums run over /, J from 0, . . . , D — 5, the function X(8) is given by 

exp[-A(0)] = 4(1 + costf) 2 + c 2 _{l- cos9) 2 + p Sm N9 V (s 7 ■ a±) 2 , (87) 

{p-a±) 2 ^ 

C is given by C = 44 [(c+ — c_)(/i • a±)]~ 1 , and we have defined the 1-forms 

n(p) = p-d V + ACp C+C ~ du (88) 

c + — c_ 

u)i(p) = sj ■ d(f + ^C 2 (si ■ a + + si ■ a_) du . (89) 

We are also using the shorthand notations such as sna\ = si ■ a+, or p ■ dip = Pid<p\ etc. 
The parameters are subject to the constraints p ■ a± ^ and 

1 '- ,>(S/ '" ) r " (S/ " , - ) -, ±l = (c + -c_)^-™s 0l s ljS2k ...p m (90) 



13 

p ■ a + p ■ a_ p ■ a + /x ■ a_ 

but they are otherwise free. The coordinates y? 1 are 27r-periodic, < < n, and tt, p are 
arbitrary. When writing "±" , we mean that the formulae hold for both signs. 

Remarks 1) The number of free real parameters, after taking into account the con- 
straints (90), is (D — 3)(D — 4). It is not clear that all near horizon geometries in the above 
theorem can be matched to known black hole solutions. 

2) The possible horizon topologies for B are encoded in the inter vectors a + := v h _ l ,a_ := 
v h+1 G Z D ~ 3 , see figure 2. 

3) A similar analysis for minimal supergravity in D = 5 dimensions has been carried out, 
following the method of [70], in [95]. It would be interesting to carry out a corresponding 
analysis in 11-dimensional supergravity. 

4) A similar result is not available at present for a non-zero cosmo logical constant, where 
the type of technique used in the proof does not seem to work. 



4 Other Theories in D > 4 

Our discussion of uniqueness theorems in both the rotating (stationary) and non-rotating 
(static) case has been restricted to the vacuum field equations, and to specific boundary 
conditions at infinity (and also to non-extremal black holes). Also, our discussion of some 
related other results, such as the sigma-model reduction, and Weyl-Papapetrou form, has 
been restricted to the vacuum theory. It is clearly of interest to (a) consider other theories, 
i.e., matter fields and (b) to discuss more general asymptotic boundary conditions. In this 
section, we give examples of what has been achieved in this direction, or what we think 
probably could be achieved without too much difficulty The following list gives an indication 
of the situation. 
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Theorem 


Theory 


Boundary Conditions 


rigidity thm. 


(26) + null energy cond. 


asympt. flat, (A)dS 


topology thm. 


dominant energy cond. 


any 


i 1 ■ 

top. censorship 


11 1 

null conv. cond. 


asympt. flat,KK,AdS(?) 


staticity thm. 


Einstein-Maxwell 


asympt. flat 


uniqueness stationary 


vacuum + U(l) D ~ 3 symmetry 


asympt. KK 




3cr-model formulation + U(l) D ~ 3 symmetry 


asympt. KK 


uniqueness static 


Einstein-Maxwell-Dilaton 


asympt. flat 




Einstein+sigma model 


asympt. flat 




Einstein+form fields 


asympt. flat 



As is apparent from the list, general structural theorems such as the rigidity-, toplogy-, 
topological censorship theorems can be proved under fairly minimal assumptions, i.e. ap- 
propriate energy conditions, that are verified in a wide variety of matter models (however, 
extremal black holes often pose problems). On the other hand, the uniqueness theorems 
require more special input. The two main gaps in our understanding here are: 1) Stationary 
black holes in theories that do not admit a sigma-model reduction of the kind described 
above, either because (a) lack of symmetry or (b) due to the nature of the Lagrangian. This 
is a very significant shortcoming, because investigations based on approximations [27, 34] 
indicate that the required ?7(l)' D ~ 3 -symmetry is not generic, and because it excludes many 
theories of interest. 2) For static black holes, the uniqueness proofs work in much greater 
generality, but one does not know as yet e.g. how to treat asymptotic KK-boundary con- 
ditions, and again, extremal black holes are sometimes more difficult to deal with. In the 
following two subsections, we discuss some of these points in a bit more detail. 

4.1 Rotating stationary black holes 

Let us first indicate in which kinds of higher dimensional gravity theories, other than vac- 
uum Einstein theory, and under what type of symmetry assumption, one might apply the 
uniqueness arguments presented in sec. 3.7 for rotating black holes. The bottleneck of the ar- 
gument are the Weyl-Papapetrou form, orbit space theorem, and the existence of a divergence 
identity of the type of the Mazur- or Bunting identity, see sec. 3.6. The Weyl-Papapetrou 
form requires D — 2 commuting Killing fields, together with the vanishing of the right side of 
eq. (46). This depends in general on the form of the matter stress-tensor, but is OK in general 
theories of the form (26), plus possibly Chern-Simons type terms. However, already this step 
does not work e.g. for non-abelian gauge fields. Both the Mazur- and Bunting identity are 
based on a sigma-model formulation of the dimensionally reduced theory. This also requires 
D — 2 commuting Killing fields, but puts much more stringent further constraints. Examples 
of known sigma-model formulations for the dimensionally reduced theory to 3-dimensions 
(assuming U(1) D ~ 3 symmetry) are given in the following table: 
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Theory 


D 


Sigma model? 


Coset 


Einstein-Maxwell 


4 


yes 


SU{2,1)/S(U(1) x 


17(2)) [108] 


Einstein-Maxwell 


> 5 


no 






Einstein- Yang- Mills 


> 4 


no 






Vacuum 


> 4 


yes 


SL{D - 2)/SO{D - 


- 2) [30, 97] 


Vacuum +A 


> 4 


no 






Minimal Sugra 


5 


yes 


G 2{+2) /SO(A) 


[104, 10] 


Sugra 


11 


yes 


E 8i+8) /SO(16) 


[86, 105] 


Sugra 


10 


yes 


SO(8,8)/(SO(8) x 


SO (8)) [86] 



Further models leading to sigma-models upon dimensional reduction are discussed in [16]. 
Note that most theories in the list which have a sigma-model formulation are related to 
supergravity theories. The coset formulation of the reduced Einstein-Maxwell system in 
D = 4 is the basis of the classic uniqueness theorem for the charged Kerr black hole already 
described at the beginning. For Einstein-Maxwell theory in D > 5 dimensions, there is still 
a sigma-model formulation if one makes further, by-hand, restrictions on the form of the 
Maxwell field, and metric, see below. 

D — 11 Supergravity: Maybe to the most interesting case is the case of D = 11 super- 
gravity. This is based on the exceptional Lie-group 13 -Es(+8) which has a — well-deserved — 
reputation for being complicated. A parameterization of the coset was given e.g. by [105] 
(for original papers, see [86, 14]); we outline how to get a uniqueness theorem parallel to 
that given in thm. 10. The details are in [71]. 

First, the bosonic part of the supergravity Lagrangian in 11 dimensions is 

S= I ~R Ml i- F A* n F-^ BAFAF , (91) 

where B is a 3-form potential with field strength F = dB. In parallel with the vacuum case, 
we assume 8 commuting axial Killing fields ipi, . . . , ip$ in addition to the timelike Killing 
field t, i.e. an isometric action of U(l) 8 xlon the spacetime. Additionally, it is required 
that these vector fields Lie-derive also the potential B. Then it can be seen that the orbit 
space theorem still applies. Furthermore, the metric takes again the Weyl-Papapetrou form, 
because the right side of (46) vanishes. In particular, we can define the interval structure of 
the spacetime, with 8-dimensional vectors Vj G Z 8 . We can also define electric type charges 
by 

Q E [C] := / (MiF + BAF) , (92) 
Jc 

for any 7-cycle C G 77 7 (^#, Z). These provide further invariants that are not present in pure 
gravity. To define the coset, one first has to introduce the potentials analogous to (50). As 
in the vacuum case, we write the 11-dimensional metric g as in (47), with 1-forms A 1 , and 



13 The subscript (+8) indicates a special real form. 
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with fij = gfyiji/jj). Then, writing B { = i^.B^B^ = i^.i^.B etc., one shows that scalar 
potentials y> y- , Xi can be defined by the following equations: 



F ij _ dA k B* k = - det f' 1 * 3 (dtp ij - ^dB klm B npq e ijklrnnp ^ 

dA k = - det J" 1 * 3 (dx fc - B kij d^ + <p ij dB kij + ^ lmn ^ r B ijk dB lmn B pqr j 



(93) 



The effective 3-dimensional sigma-model Lagrangian for the model is then given by the same 
formula (52) as in pure gravity, but with a considerably more elaborate definition of $ taking 
values in the coset -E 8 (+8)/ SO (16), which is defined in terms of the scalars fij,Xi, ^i, ■ 
The precise definition is rather involved and was developed in [105]: The matrix $ acts on 
3-tuples of tensors of the form 1 ' 1 (z M l, X[LMN],y^ LMN ^), where capital Roman letters run from 
1, . . . , 9, where z 1 / = 0, and where a square bracket denotes anti-symmetrization. Define 

V/=( e " -( det ^H (94) 



(det/): 



with ei a e k b 5 ab = f ik , and define 



. -2y/3B ijk iii = I,j = J,k = K all < 8 
vijk = < (95) 
otherwise. 

, -6VV ifi = I,j = J all < 8 and K = 9, 
■ur = < (96) 
otherwise . 



Next, define 



£ = (97) 

/ ±(™^% i] - \w LMN 5j) -l(v I[MN 5 J L] - lv LMN 6j)\ 

— 3(vm[jk$i\ — \ v uk^m) -^j^€-ilkpqrlmnw pqr 

\Z{w L VHi-\w IJK 5 L M ) ^ 3 e ILKPQRLMN vpQR 

and set V_ = exp Z. Finally, define V + by 

fVj A V J b o \ 

V+ = V {I A Vj B V K f (98) 

V V {i aV j bV k] c) 

where Vi A and V 1 a are inverses of each other. Then $ is given by 

$ = V ■ riV)- 1 , V = V_V+ , (99) 



14 This is the adjoint representation 248 of Egr + g), which under SL(9) decomposes as 80 84 84. 
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where r is the symmetric space involution corresponding to the involution on the Lie algebra 
e 8 ( +8 ) = so(16) © t) which acts by +1 on the first summand (the maximal abelian subalgebra) 
and by —1 on the second. With this definition of $, the reduced action again takes precisely 
the same form (52), up to a different, irrelevant, numerical prefactor in front of the scalar 
field term. 

One can now exploit divergence identities and prove, by the same general strategy as 
in the vacuum theory, that two non-extremal, single horizon, black hole solutions whose 
corresponding interval structure {v_j,lj}, angular momenta Jj, and charges Qe[C] all coin- 
cide, must in fact be the same. To carry out these steps in detail, one must understand 
precisely how these data affect the boundary conditions on the fields = 1,2 of the two 
solutions under consideration. For this in turn, one must understand how to describe all 
possible cycles C G H 7 {^ , Z) in terms of the data {v_j}, and how the information about the 
charges and angular momenta translates into information about the boundary conditions of 
the fields for the two solutions under consideration. This is rather complicated indeed, 
but it can be done [71]. Apart from the technical complications related to the structure 
of £W+8)> the essential new feature compared to the vacuum theory are the charges Qe[C] 
defined relative to the various cycles C, which now enter the proof. This issue arises also-but 
can be understood much more easily-in the case Einstein-Maxwell theory in 5 dimensions, 
so we will now explain it in that theory. 

D = 5 Einstein-Maxwell theory: As is seen from the above table, unlike minimal super- 
gravity in D = 5 dimensions, this theory actually does not have a sigma model formulation 
even in the presence of an isometry group R x U(l) 2 of the spacetime. However, it does have 
a sigma model formulation if we make a additional, by-hand, simplifying assumptions about 
the nature of the solutions to be considered. The simplifying assumptions are: 

1. About the spacetime metric we assume that one of the axial Killing fields, say ipi, is or- 
thogonal to the other Killing fields, = g(t, ipi) = g(ipi,ip 2 ), an d that it is hypersurface 
orthogonal, ip\ A d^i = 0. 

2. About the Maxwell field we assume that there is a 1-form £ orthogonal to the Killing 
fields such that F — |£ A ipi. It can easily be shown that, if the Maxwell field arises 
from a vector potential F = dA which is invariant under the Killing fields, then this 
will be the case if and only if A is proportional to ipi at each point in M. Note, however 
that we do not assume the existence of such a vector potential here. 

Let us first point out the main simplifications which follow from assumptions 1) and 2). 
The first immediate consequence of 1) is that J\ = 0. Secondly, because the Killing field 
ipi is demanded to be orthogonal to xjj 2 , if f i^i + ^2^2 = at a point in spacetime, then 
either v = (vi, v%) = (0, 0), or v = (0, 1), (1, 0), or both axial Killing fields vanish. Thus, the 
interval structure (see sec. 3.4) of any solution satisfying assumption 1) can only be of the 
following possibilities (i) — (iv): 
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Moduli I j 


Vectors v j 


(i) 


oo, h, . . . , l p , oo 


(1,0), (0,1),. 


..(1,0), (0,0), (1,0), (0,1).. 


• ,(o,i) 


(ii) 


oo, h, . . . , l p , oo 


(1,0), (0,1),. 


..(0,1), (0,0), (0,1), (1,0).. 


-,(0,1) 


(iii) 


OO, li, . . . , l p , oo 


(1,0), (0,1),. 


..(0,1), (0,0), (1,0), (0,1).. 


-,(0,1) 


(iv) 


OO, l\, . . . , lp, oo 


(1,0), (0,1),. 


..(1,0), (0,0), (0,1), (1,0).. 


-,(0,1) 



Thus, the possible interval structures are severely restricted by 1). By table 2, it then 
follows that the only possible horizon topologies are 

B^S 1 xS 2 (black ring), B = S 3 (black hole), (100) 



.h-l,Hh+l 



with the first case realized when the vectors to the left and right of the horizon v 
are equal [i.e., for the interval structures (i) and (ii)] and the second case realized when they 
are different [i.e., for the interval structures (iii) and (iv)]. In particular, the Lens-spaces 
L(p, q) are excluded as possible horizon topologies by 1). 

From 2), the electric charge Qe[C] = associated with any 2-cycle C vanishes, and the 
Maxwell field is completely characterized by the 1-form 



/ = HiF , 

which is closed by the equations of motion for the Maxwell field, df 
twist 1-form by 

u) = -tpi A tp2 A dip 2 . 



(101) 

0. We define the 
(102) 



Again one can show that this is closed du> = 0. It can then be shown that there exist globally 
defined potentials da = /, d% = oj. If the Maxwell field arises from a globally defined vector 
potential, F = dA — which we do not assume — then a = i^A. 

Using the potentials a, \, one can now write down the reduced Einstein-Maxwell equations 
on the orbit space M, in the form of a pair of sigma model equations [75]: Let v, w,u be the 
functions on ^ defined through: 



„2u 



i) , 



-u+2w 



2) , 



g(dr, dr) 



(103) 



with r defined as in eq. (43). Then the complete Einstein-Maxwell equations are equivalent to 
the following pair of matrix equations on the upper complex half plane = {(r, z) \ r > 0}: 



d*2 (rST/MSj = 0, 
d* 2 (r$ 2 ~ 1 d$ 2 ) = 0, 



(104) 



together with an equation for v, which we do not write down. The matrix fields are defined 
in terms of u, w, a, x by 



u„2 



7T 



"a 



'a 



(105) 
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and 

/ e 2 W+A 2 e -2 W 2 -to, \ 

$2=1^ 2xe - 2 . e - 2w J- (106) 

The first two equations state that the matrix fields $i and $2 each satisfy the equations of 
a 2-dimensional sigma-model. The matrix fields are real, symmetric, positive definite, with 
determinant equal to 1 on the interior of j$ , so we have as target space two decoupled copies 
of SL(2)/SO(2). With the aid of this sigma model formulation, one proves [75]: 

Theorem 15. Consider two stationary, asymptotically flat, Einstein-Maxwell black hole 
spacetime of dimension 5, having one time-translation Killing field and two axial Killing 
fields. We also assume that there are no points with discrete isotropy subgroup under the 
action of the isometry group in the exterior of the black hole, and we assume that the Killing 
and Maxwell fields satisfy the assumptions 1) and 2) above. If the two solutions have the 
same interval structures, the same values of the mass m, same angular momentum J 2 , and 
same magnetic charges Qm[Cz] = (27r) _1 J c F for all 2-cycles Ci G H 2 (^ , Z), then they are 
isometric. 

The proof is very similar to that in the vacuum case, except for the following new con- 
sideration: To prove the boundedness of the quantities analogous to a in (62) built from the 
matrices $1 for two given solutions as in the theorem, one also needs to use that 

a(z) - a(z') = -L / F = ^Q M [C] . (107) 
2tt J c Ztt 

where z, z' are from two boundary intervals labeled by the same integer vectors (1, 0) or (0, 1), 
for a suitable cycle C G H^^M^). Knowing that the magnetic charges of both solutions are 
the same then enables one via this identity to show that boundary value (r = 0) of the a's for 
both solutions are also the same. An argument of this sort-but rather more complicated-also 
works in 11-dimensional supergravity. 

The proof shows that the non-trivial 2-cycles [i.e., basis elements of H 2 {^)\ in the 
exterior of the spacetime may in fact be obtained as follows. We know that the real axis 
{r = 0} bounding *M = {(r, z) \ r > 0} is divided into intervals, each labeled with an integer 
2-vector v_j = (1,0) or v_j = (0,1), see the above table. Now consider all possible curves 
%,p — 1,2, . . . in ^ with the property that % starts at z on an interval labeled (1, 0), and 
ends at z' on another interval labeled (1,0), with no interval with label (1,0) in between. If 
we now lift 7 P to a curve 7 P in and act with all isometries generated by ip\ on the image 
of this curve, then we generate a closed 2-surface C p in ^ which is topologically a 2-sphere 
for all p, see the following picture. 
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Zj z Z J+1 



B = B/U(l) 



We may repeat this by replacing 7 P ,p = 1,2, .. . with a set of curves each starting on 
an interval labeled (0,1), and ending on another interval labeled (0,1), with no interval 
with label (0, 1) in between. If we again lift these curves to curves in ^f, and act with 
all isometries generated by ip 2 , then we generate a set of topologically inequivalent closed 



2-surfaces C q ,q = 1,2, 



m 



each of which is topologically a 2-sphere. It may be 



seen that the set of 2-surfaces {C p ,C q } forms a basis of H 2 (^f), and also of H 2 (T,), where 
the 4-manifold £ is a spatial slice going from infinity to the horizon (so that topologically 
^# = R x S). In this 4-manifold, we can compute intersection numbers as C p : C q = ±1 
or = 0, depending on whether the corresponding curves in ^ intersect or not. The rank of 
H 2 {Y,) = H 2 (^f) in the cases (i) through (iv) in the above table, and the intersection matrix 
Qs '■ H 2 (Ti) x H 2 (E) — > Z is therefore easily computed to be given by 



1 

1 



(108) 



where m is related to the number of intervals in the interval structure (compare eq. 1). Only 
the magnetic charges Qm[Cp] enter in the proof of the above theorem. The magnetic charges 
Qu[Cq] are not needed and in fact vanish, due to assumptions 1) and 2) at the beginning of 
this section. Thus, for the simplest interval structure (0, 1), (0,0), (1,0), there are no non- 
trivial magnetic charges, and the unique solution within the class studied here is completely 
specified by J 2 ,m. In fact, this unique solution is the Myers-Perry black hole [107], with 
vanishing Maxwell field. 



4.2 Static black holes 

To keep the discussion simple, we have considered above uniqueness theorems for non- 
extremal static black holes only within vacuum Einstein gravity, and for asymptotically 
flat boundary conditions. There are also uniqueness theorems for other theories, and other 
boundary conditions (although not for KK-type asymptotic conditions in as far as we are 
aware), as well as for extremal black holes in Einstein-Maxwell theory. We summarize some 
results in this direction. 
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1. Dilatonic black holes: In higher dimensions, we have the exact solutions of dilatonic 
Einstein-Maxwell theory [55]. One can prove their uniqueness in the same manner here 
[53]. The same technique also applies to the case of Einstein coupled to sigma-model 
fields [120]. 

2. Einstein-form fields: A uniqueness theorem Einstein-p-form fields when p ^ (D + l)/2 
was obtained in [31]. In the proof of this theorem, one uses the same kind of conformal 
transformation employed in the proof of the Schwarzschild-Tangherlini spacetime above 
in sec. 3.8. 

3. Extremal black holes in Einstein-Maxwell theory: As already mentioned, in the extremal 
limit, there are exact solutions for charged multi-black holes. The uniqueness of such 
solutions has been proven [24, 121]. See also [122] for related work. 

4. Asymptotically de Sitter/ anti-de Sitter. There are exact static solutions of Einstein- 
gravity + cosmological constant, the Schwarzschild-(anti-)de Sitter solutions. In [11, 2] 
attempts have been made to generalize the static uniqueness to the asymptotically 
anti-de Sitter case, but the situation remains open. In particular, recent numerical 
investigations [9] indicate that AdS-spacetime is unstable to perturbations, and the 
end state of the dynamical evolution of an instability may well be an unknown, non- 
standard black hole spacetime. See also Ref. [89] for perturbative investigations of 
potential new families of static black holes in these theories. 

4.3 Supersymmetric black holes 

An entirely different approach to the classification of black hole spacetimes, applicable to 
supergravity theories, is to consider solutions with Killing spinors, rather than Killing vectors. 
Unlike the Killing vector condition, ££ t g = 0, which takes the same form in any theory, the 
precise form of the Killing spinor condition depends on the theory under consideration. In 
4 dimensional N = 2 supergravity, this analysis has been completed first by [129], but the 
method is applicable, in principle, in any dimension in which supergravity theories can exist 
(i.e. D < 11). Consider for example the case of minimal supergravity in D = 5 dimensions, 
with action 15 

f 1 4 

S= -R * 5 1 + F A * 5 F H —F A F A A , (109) 

Jjt 2 3^3 

where A is a one-form with field strength F = dA. The above action must be supplemented 
in the full supergravity theory by terms involving fermionic partner fields with half integral 
spin. But at the classical level, it does not make much physical sense to consider solutions 
in which the fermionic fields are non-trivial, and one thus sets them to zero. The full action 
with superpartners is invariant under the odd supersymmetry transformation 5 t depending 



15 In this section, the signature is (H 



), opposite from the rest of the paper. 
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linearly on a symplectic Majorana spinor field 16 e a , a = 1,2, which maps the bosonic fields 
g, A to a combination of fields depending on the fermionic superpartners, and which maps 
the fermionic superpartners to an expression involving the bosonic fields. Let us demand that 
a purely bosonic field configuration be "supersymmetric" , in the sense that it is annihilated 
by S e . Since the fermionic fields vanish by assumption, we automatically have 5 e g = = 8 e A, 
whereas the condition that 5 e on the fermionic fields (spin 3/2-partner of the metric) gives 
zero amounts to 1 ' 

V M + -Q=(lv»* + 9^1«)F U ° ) t a = . (110) 

This is the Killing-spinor condition for D = 5 minimal supergravity. The existence of a 
Killing spinor is very restrictive-much more so than demanding merely the existence of a 
Killing vector. This can be seen e.g. from the fact that, since a supersymmetry transfor- 
mation "squares to an infinitesimal translation" (i.e. a Lie-derivative), the "square" of a 
Killing-spinor automatically has to be a Killing vector, and also a symmetry of the other 
bosonic fields in the theory, i.e. F in our case. More precisely, define 

f := \e* SVe 6 , (111) 

where e ab is the standard 2-dimensional symplectic matrix. Then t is necessarily a time-like, 
or null, Killing vector field, Jf t g = 0, and one also necessarily has J£ t F = 0. If (^#, g, A) 
represents an asymptotically flat black hole spacetime, then t is by construction tangent 
to the generators of the horizon, and because it is timelike or null both inside and outside 
the horizon, and null on the horizon, we must have d(g(t,t)) = on the horizon. Using 
the standard formula for the surface gravity d(g(t,t)) = —Ik t then shows that k — 0, 
i.e. the black hole is necessarily extremal. In fact, the existence of a Killing spinor is even 
more stringent than the above argument suggests, because it implies many more differential 
relations than just the Killing vector equation. These have been exploited systematically 
by [48] (and previously by Tod [129] in the case of N = 2 supergravity in D = 4). [48] 
proceed by defining the real tensorial quantities f,Xi,X 2 ,X 3 by 

The field equations and Killing spinor equation then imply, among other things, the following 
further relations: 

f 2 = g(t,t), df = ~itF, dX l = 0, d* 5 Xi = ~FAXi . (113) 



16 This is a pair of 4-dimensional complex spinor fields e a , a = 1, 2, subject to the condition e a = (e a ) T C, 
with C the charge conjugation endomorphism of the Clifford algebra defined by C(7 /J ) T C _1 = 7^. The 
conjugate spinor is defined by e a S a f, = (e a )*/3 e a b, where j3 is the endomorphism of the Clifford algebra 
defined by /3(7^)*/3~ 1 = 7^, and where * is hermitian adjoint. 

17 7pi...Mn = Ihii ' ' ' 7fi n ] denote the generators of the Clifford algebra Cliff 
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It turns out that, starting from these equations, one can locally determine [48] all possible 
analytic field configurations with Killing spinor, which can then be analytically continued. 
In this way, one can obtain, in principle, a classification (which includes black holes, but 
also other types of spacetimes) of supersymmetric bosonic configurations (g,A). We think 
that it would be worthwhile to understand in detail the global structure of these solutions. 
Progress towards this goal has been made in the special case of spherical horizons by [118]. 

A similar analysis can presumably be carried out in other, more complicated, supergravity 
theories. Of particular interest would be a similarly complete classification of solutions with 
various numbers of independent Killing spinors in 11-dimensional supergravity. Progress in 
this direction has been made e.g. in the papers [50, 49], see also references therein. 

Thus, in supersymmetric theories, the classification of black hole solutions via Killing- 
spinors seems a feasible-albeit complicated-task. However, one cannot hope to obtain in 
this way solutions at non-zero temperature, i.e. non-extremal ones. 

5 Summary and open issues 

In this review, we have tried to give an overview about what is known about black hole 
uniqueness theorems for higher dimensional, stationary, black hole spacetimes. Along the 
way, we have described several related general structural results about such black holes such 
as the topology, rigidity, and staticity theorems, which are also of independent interest. 
These arguments involve a considerable breadth of mathematical methods, from differential 
geometry, to topology, to group theory, to ergodic theory, and to PDE theory, which are 
combined in a non-trivial fashion. As we have indicated, the state of knowledge concerning 
higher dimensional black holes in general, and uniqueness theorems in particular, is much less 
satisfactory than in four dimensions, although also in four dimensions there are still many 
open issues for many theories other than Einstein-Maxwell theory. In general, it seems that 
our knowledge about static or supersymmetric black holes in higher dimensions is more 
advanced than for stationary solutions, but there are also still important open issues for 
static and supersymmetric black holes. As open issues that in our opinion deserve attention 
we would like to mention: 

1. To obtain uniqueness theorems for stationary higher dimensional black holes, one needs 
to assume more symmetries than seem to be generic on the basis of the investiga- 
tions [34, 27], and one is at the moment restricted to models in which the dimension- 
ally reduced theories can be cast into the framework of sigma-models with negatively 
curved target spaces. There are some ideas how to replace the interval structure that 
seems important in existing theorems [60, 68], but more ideas are needed. 

2. To obtain uniqueness theorems for static black holes, one is for the moment restricted 
to asymptotically flat boundary conditions, excluding thus e.g. the, very interesting 
and relevant, Kaluza-Klein type boundary conditions. 
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3. It would also be important to achieve a full classification of supersymmetric black 
holes in more complicated supergravity theories than have been analyzed so far, in 
particular in 11-dimensional supergravity. 

We feel that input from numerical methods will be needed to get a more complete picture 
of the landscape of higher dimensional black holes, and to help answer some of these questions 
in particular. 
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